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Abstract

Which quantities do collisions preserve, and how do they determine macroscopic transport? We
study these questions in two four-wave resonance models. For the one-dimensional nearest-neighbour
pinned chain, with any fixed coupling 0 < d < 1/2, we prove that every almost-everywhere finite mea-
surable collision invariant for the dispersion ωd(x) =

√
1− 2d cosx has the form A + Bωd, where

A,B are constants. Local resonance averages first give a smooth representative; periodic compatibil-
ity then determines the invariant. At critical resonances, the energy mismatch and the full collision
difference share a vanishing factor. Retaining this cancellation yields a densely defined closed colli-
sion form, while the invariant classification and compact resonance averages give a positive spectral
gap.

For the wave kinetic equation with quadratic dispersion and a sharp cutoff to a momentum cube
in three dimensions, we prove a strong-collision limit from arbitrary smooth positive local Rayleigh–
Jeans initial data, throughout any prescribed finite interval on which the corresponding five-moment
Euler solution remains smooth and positive. If c is the collision strength, the distribution and macro-
scopic parameter errors are respectively O(c−3/4) and O(c−1) in the norms specified below. The
collision frequency vanishes at the corners, where the solution retains the free-transport trace of its
initial data. Actual five-moment matching gives an exact decomposition of relative entropy into mi-
croscopic and macroscopic errors, controlled by weighted dissipation and the flux equations. The
microscopic entropy balance further yields strong convergence of the resonance current and a first-
order transport law for all five moments. The Onsager tensor is symmetric and nonnegative, with a
seven-dimensional kernel in the fifteen-dimensional gradient space. Its eight dissipative directions are
the traceless symmetric part of the momentum-parameter gradient and the energy-parameter gradient.

Keywords. Four-wave resonance; collision invariants; pinned chain; Rayleigh–Jeans distribution; Euler
limit; Onsager tensor; first-order transport.

1 Introduction

1.1 What collisions preserve

A collision redistributes momentum and energy while preserving certain totals. These conserved quanti-
ties determine how many parameters are needed to describe equilibrium, and hence how many unknowns
appear in a macroscopic equation. The passage from a collision model to a fluid description therefore
begins with a concrete question: what information, beyond the known conservation laws, can survive
every collision?

∗Companion repository: https://github.com/veridiscoverLab/resonance-kinetic-lean.
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We consider four-wave collisions. Write k0, k1 for the two incoming momenta and k2, k3 for the
outgoing momenta; the four entries are called the legs of a collision. For a function ϕ of momentum, set
ϕi = ϕ(ki) and define the full collision difference

∆ϕ = ϕ0 + ϕ1 − ϕ2 − ϕ3. (1.1)

A function for which this difference vanishes almost everywhere on the allowed resonances is a colli-
sion invariant. Constants are always invariant, and conservation of energy makes the dispersion relation
invariant as well. The question is whether these elementary examples exhaust the possibilities.

We follow the consequences of this question in two models. In a one-dimensional pinned chain, res-
onance identities first force measurable invariants to be smooth and then restrict them to constants and
energy. In a three-dimensional truncated model, five invariants determine the local equilibrium family.
Matching the actual five moments then makes microscopic and macroscopic errors add exactly in rel-
ative entropy. The same collision difference thus links classification to transport: the reciprocal of an
equilibrium lies in its kernel, while its weighted square measures dissipation away from equilibrium.

This relation is part of the programme of mechanical limits in Hilbert’s sixth problem. For hard
spheres, Deng, Hani and Ma connected the long-time derivation of the Boltzmann equation to fluid lim-
its. Starting from elastic hard-sphere dynamics with random initial configurations on two- and three-
dimensional tori, they obtained compressible Euler and incompressible Navier–Stokes–Fourier systems
under the corresponding initial-data and joint scaling assumptions [1, Theorems 1–3]. Weakly nonlinear
waves provide another kinetic route. Deng and Hani derived the spatially homogeneous wave kinetic
equation from weakly nonlinear Schrödinger dynamics on large tori [2], and extended the derivation to
any prescribed time for which the kinetic solution exists [3]. Here we start from specified collision equa-
tions and study their resonance geometry and macroscopic limits. The dispersion, momentum cutoff and
initial data are stated for each model. Deriving these inhomogeneous collision models from microscopic
wave dynamics requires a separate analysis.

1.2 Regularity from resonance compatibility

The dimensionless dispersion of the nearest-neighbour pinned chain is

ωd(x) =
√
1− 2d cosx, x ∈ T2π := R/(2πZ), 0 < d < 1

2 . (1.2)

Here d is a fixed coupling parameter and x is the angular coordinate of lattice momentum. The allowed
collisions satisfy

x0 + x1 = x2 + x3 (mod 2π),

ωd(x0) + ωd(x1) = ωd(x2) + ωd(x3).
(1.3)

Momentum is conserved modulo the period, including Umklapp processes across the boundary of a fun-
damental interval. The angular coordinate x itself is therefore not a globally defined periodic collision
invariant.

In their 2006 study of heat transport in this chain, Aoki, Lukkarinen and Spohn asked whether
constants and ωd exhaust the collision invariants [4, after (4.10)]. Lukkarinen later discussed almost-
everywhere solutions of this functional equation [5, Section 3.2]. The review by Germain, La and
Menegaki [6, Section 7.2] still lists the classification for general 0 < d < 1/2 as open; its Theorem 4
proves that the space of C1 solutions is finite-dimensional.

Theorem 2.1 gives the classification. For every fixed 0 < d < 1/2, any almost-everywhere finite
measurable collision invariant ϕ satisfies

ϕ = A+Bωd almost everywhere, A,B ∈ C. (1.4)
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The null sets in the collision identity are measured by the coarea measure on the regular resonance surface;
those in the conclusion are measured by Lebesgue measure on the circle. Both measures are defined at
the beginning of Section 2. No continuity or integrability is assumed.

The first step explains why a measurable invariant cannot remain arbitrarily rough. For a target point
x, choose a smooth resonance chart

(
x,H(x, z), z,W (x, z)

)
, where z is a free parameter and W =

x + H − z. The collision identity relates ϕ(x) to its values at three other points. These points move
nondegenerately with z, so the identity both controls the size of the function and permits averaging. Three
changes of variables first compare level sets and yield local boundedness. A smooth functionχ, supported
inside the chart and having integral one, then gives, for almost every x,

ϕ(x) =

∫
χ(z)

[
ϕ(z) + ϕ(W (x, z))− ϕ(H(x, z))

]
dz. (1.5)

Since ∂zH and ∂zW stay away from zero, the right-hand side can be written as an integral of ϕ against
a smooth kernel. Derivatives in x fall on the kernel, not on the measurable input. The right-hand side
defines a local smooth representative, and a finite cover gives a smooth representative on the whole circle.
Only then do we differentiate the resonance identity. Second- and third-order compatibility, together with
periodic matching, completes the classification. Regularity is a consequence of the collision relations
between different points.

1.3 A common vanishing factor

After identifying the kernel, one must give the dissipation integral a suitable domain. The energy con-
straint degenerates at critical resonances, and its induced measure may have infinite mass. The full colli-
sion difference, however, vanishes at the same configurations.

The relation is visible in local coordinates. After permuting the legs, write their positions as (z +

u, z + v, z, z + u+ v). For a C2 function ϕ,

F := ∆ωd = −uvGωd
, ∆ϕ = −uvGφ,

Gφ(z, u, v) =

∫ 1

0

∫ 1

0
ϕ′′(z + su+ tv) ds dt.

(1.6)

For example, the local test function ϕ(z) = z2 gives ∆ϕ = −2uv. If u = 0 or v = 0, the legs coincide in
pairs and the difference vanishes. This quadratic function illustrates a local calculation; it is not a periodic
invariant on the circle.

When regularizing the energy constraint, we therefore first form |∆ϕ|2 = u2v2|Gφ|2 and then pass
to the singular limit. The square becomes small precisely where the degenerate measure becomes large.
Section 2 uses this common factor to construct a densely defined closed dissipation form. The invariant
classification and compact resonance averages then give a positive spectral gap off its kernel (Theorems
2.7 and 2.10). The gap constant depends on the fixed pinning parameter and positive resonance weight.

1.4 Moment matching and the decomposition of entropy

The second model has a fixed momentum cube D = [−R,R]3, with R > 0, a space variable X ∈
T3 := T3

2π, and time t ≥ 0. Its dispersion is |k|2, so the transport velocity is v(k) = 2k. We retain only
collisions whose four momenta all lie in D. Writing C for the resulting four-wave collision operator, we
study

T fc = cC(fc), T := ∂t + 2k · ∇X , c −→ ∞. (1.7)
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Here c > 0 is the collision strength and fc(t,X, k) is a positive distribution. Collisions act only on
momentum: all four legs share the same time and position. The measure, constants and cutoff in C are
specified in Section 3.

The five collision invariants form the column vector

Ψ(k) = (1, k(1), k(2), k(3), |k|2)T,

where k(j) denotes the jth component of momentum. For a parameter θ ∈ R5 with θ ·Ψ > 0 throughout
D, define the Rayleigh–Jeans distribution, abbreviated as RJ,

Nθ(k) =
1

θ ·Ψ(k)
. (1.8)

Its reciprocal is a collision invariant, so C(Nθ) = 0. Allowing θ to depend on (t,X) gives a local
equilibrium.

If the five moments of a positive distribution f lie in the image of the equilibrium moment map, there
is a unique N = Nθ such that

∫
D Ψ(f − N) dk = 0. We call N the equilibrium matched to the actual

five moments. For a reference equilibrium N̄ = Nθ̄, define the relative entropy

H (f | N) =

∫
D

[
f

N
− 1− log

f

N

]
dk. (1.9)

The positive upper and lower bounds used below make this integral finite. Moment matching gives the
exact identity

H (f | N̄) = H (f | N) + H (N | N̄). (1.10)

Indeed, the cross term in the expansion is∫
D
(f −N)(N̄−1 −N−1) dk = (θ̄ − θ) ·

∫
D
Ψ(f −N) dk = 0.

The first term measures the microscopic deviation that leaves the conserved moments unchanged; the
second measures the error in the macroscopic parameters. They add exactly because the difference of the
reciprocal equilibria remains in the span of the five collision invariants. Proposition 4.1 gives the corre-
sponding variational properties, followed by an example with matched moments but positive microscopic
entropy.

1.5 Corner memory and the Euler limit

Evaluating the five conserved fluxes at local equilibrium gives the macroscopic system

∂t

∫
D
ΨNθ dk +

3∑
j=1

∂Xj

∫
D
2k(j)ΨNθ dk = 0. (1.11)

It is symmetric hyperbolic in the positive parameter domain. Let θ0(X) be any smooth initial parameter
with θ0 · Ψ uniformly positive, and suppose the Euler solution θ̄ with this initial datum stays smooth
and positive on a finite interval [0, T ]. We compare the kinetic solution starting from fc(0) = Nθ0 with
N̄ = Nθ̄. Write Nc = Nθc for the equilibrium matched to fc.

Let Hs
XL

2
k denote the Sobolev space with up to s weak derivatives in X and values in L2(D), and

take L∞
t on [0, T ]. Theorem 4.3 proves that, for sufficiently large c, a positive classical solution exists up

to T , with positive upper and lower bounds independent of c, and

‖fc − N̄‖L∞
t H3

XL
2
k
≤ CT c

−3/4, (1.12)

‖θc − θ̄‖L∞
t H2

X
≤ CT c

−1. (1.13)
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The constant CT depends on finitely many derivatives of the reference solution, its positivity margin and
the fixed model parameters. The spatial amplitude of the initial parameter is fixed; it need not shrink as
c grows.

This limit allows momentum corners to retain a memory of the initial data. If ξ is a corner of the cube,
the collision integral vanishes there, and the positive classical solution satisfies

fc(t,X, ξ) = Nθ0(X−2ξt)(ξ). (1.14)

The right-hand side generally differs from N̄(t,X, ξ). Collisions are also slow near a corner: at distance
r from the corner set, their frequency is of order r2 log2(2R/r). The proof must therefore control the
contribution of the whole slow region to dissipation and flux. The corners themselves have zero volume;
a thin corner layer has small volume, bounded amplitude, and still collides with the rest of the momentum
domain. Weighted energy estimates that retain these interactions, together with amplitude bounds along
characteristics, allow corner memory to coexist with (1.12).

Bricmont and Kupiainen [7] studied near-equilibrium diffusive behaviour of a phonon Boltzmann
equation, using wave numbers in at least two dimensions, a modified dispersion without the square root,
and a diffusive scaling. Our one-dimensional classification retains the square-root dispersion (1.2). The
three-dimensional macroscopic theorem uses fixed transport and strong collisions, with (1.11) as its limit.
The resonance geometry required by each model is proved separately.

1.6 From dissipation to first-order transport

The Euler equations use the equilibrium flux. The first-order correction comes from the deviation from
equilibrium. For a spatial direction i = 1, 2, 3 and a conserved quantity a = 0, . . . , 4, define the residual
flux

Zac,i =

∫
D
2k(i)Ψa(k)(fc −Nc) dk. (1.15)

Theorem 6.1 proves, on the entire prescribed time interval,

cZac,i −→
3∑
j=1

4∑
b=0

Kabij (N̄)∂Xj θ̄b in L2((0, T )× T3). (1.16)

Here K is the Onsager transport tensor. Section 5 defines it through the linearized collision equation after
removing the five zero modes, and proves that its entries are finite and that it is symmetric and nonnegative.
Symmetry of the collision form gives the reciprocity relation Kabij = Kbaji ; the general physical background
is described in [8].

The degeneracy of this tensor has a direct geometric description. Write θ = (α, β, γ), whereα, γ ∈ R
and β ∈ R3 correspond to the constant, momentum and energy invariants. The fifteen spatial derivatives
form a gradient array ξ = (g,B, h), where g = ∇Xα, Bjl = ∂Xjβl and h = ∇Xγ. On every compact
positive parameter set,

ξTK(Nθ)ξ �
∣∣∣∣B +BT

2
− trB

3
I

∣∣∣∣2 + |h|2. (1.17)

The symbol � denotes two-sided comparison with uniform positive constants, and matrices carry the
Frobenius norm. The five-dimensional space of traceless symmetric 3× 3 matrices and the three energy-
gradient directions account for the eight dissipative directions. Mass gradients, skew-symmetric matrices
and scalar matrices account for the seven zero directions. At a nonzero spatial Fourier frequency, gradient
compatibility leaves only the mass direction. Coupling to Euler transport then gives quantitative decay
for the constant-parameter linear system.
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Strong convergence follows from the microscopic entropy balance under actual moment matching:
the change in microscopic entropy, four-wave dissipation and work of the residual flux satisfy an exact
identity. A weak limit determines a candidate resonance current; the balance also determines its norm
and rules out a dissipation defect. In addition to (1.16), we prove

cC(fc) −→ T N̄ in L2((0, T )× T3 ×D). (1.18)

The full signed resonance current converges strongly with respect to the resonance measure as well. These
limits give the first-order transport law for the actual five-moment parameters, with a remainder o(c−1)

in L2(0, T ;H−1(T3)), where H−1 is the dual of H1. The convergence is integrated over the entire time
interval; first-order strong traces at the initial time require an initial-layer analysis.

1.7 Organization and conventions

Section 2 proves the one-dimensional invariant classification and constructs the closed dissipation form.
Section 3 turns to the three-dimensional model, establishing the pair-sum variance representation, corner-
frequency estimates and weighted coercivity. Section 4 uses the entropy decomposition to organize non-
linear errors and prove the Euler limit. Section 5 determines the transport tensor and its degeneracy, and
Section 6 uses the entropy balance to identify the strong resonance current and all five moment fluxes.

Inner products are linear in the first argument. We write T2π for the circle and T3 = T3
2π for the

spatial torus. The measure dX is periodic Lebesgue measure on [0, 2π)3, and dk is ordinary Lebesgue
measure on the momentum domain. Constants denoted by C may depend on fixed model parameters;
their uniformity is specified in each statement. For s > 0, we write log+ s = log+ s = max{log s, 0}.
Notation is introduced where it is used and collected in an index at the end.
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2 Collision invariants and closed dissipation forms for one-dimensional
square-root dispersion

We consider the four-wave resonance relation associated with a pinned one-dimensional chain. The an-
gular variable and the usual lattice momentum are related by x = 2πk. Fix

T2π = R/(2πZ), 0 < d <
1

2
, ω(x) =

√
1− 2d cosx, m( dx) =

dx
2π
. (2.1)

The dispersion parameter d is unrelated to the small parameter in the macroscopic limit considered later.
With d fixed, we write ω = ωd, restoring the subscript when comparing parameters. This dispersion and
its four-wave collision operator appear in [4, 5]; the collision invariant problem is also discussed in [6].
Every result below holds for each fixed 0 < d < 1/2, with constants that may depend on d.

A collision consists of two incoming and two outgoing momenta, which we also call its four legs. The
invariant relation compares the values of one function at these four momenta. We use two features of this
relation. On a nondegenerate resonance chart, the value at the target point equals an average of the signed
sum of the other three values. A change of integration variable transfers derivatives in the target variable to
a smooth integral kernel. This yields regularity of invariants and compactness for approximate invariants.
On a critical chart, the energy difference and the collision difference share a double factor; its cancellation
gives finite dissipation for smooth functions. We proceed through the construction of resonance charts,
the classification of invariants, the positive spectral gap, and the closed-form realization.

2.1 Periodic resonance, coarea measure, and the classification theorem

The four momenta satisfy

x0 + x1 = x2 + x3 (mod 2π), ω(x0) + ω(x1) = ω(x2) + ω(x3). (2.2)

The first two positions x0, x1 are incoming and the last two x2, x3 are outgoing. Periodic momentum
conservation includes both normal and Umklapp processes: for chosen real representatives, the two mo-
mentum sums may differ by an integer multiple of 2π. Eliminate the fourth variable, use (x, y, z) =

(x0, x1, x2) as coordinates, and set

w = x+ y − z (mod 2π),

F (x, y, z) = ω(x) + ω(y)− ω(z)− ω(w),

Σ = {(x, y, z) ∈ T3
2π : F = 0, ∇F 6= 0}, dΞ = (2π)−3 dH2

|∇F |
. (2.3)

Here H2 is Euclidean two-dimensional area in local real coordinates, and ∇F is the gradient in the same
coordinates. The coarea factor |∇F |−1 restricts the three-dimensional momentum integral to the zero-
energy surface; (2π)−3 comes from the probability measure normalization of the three remaining angular
variables. The measure Ξ = Ξd includes all regular resonance branches. It is locally finite and σ-finite
on Σ, but its total mass need not remain finite near critical points of the energy. For a periodic function
ϕ, define the collision difference by

∆ϕ(x, y, z) = ϕ(x) + ϕ(y)− ϕ(z)− ϕ(x+ y − z). (2.4)

A resonance is trivial if the two pairs of momenta differ only by a permutation; its collision difference van-
ishes identically. Retaining all four terms serves two purposes: it annihilates both constants and frequency
on resonance, and it cancels their common lower-order parts near critical points. The regularization and
dissipation estimates below concern this collision difference.
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Theorem 2.1 (Finite measurable collision invariants). Let ϕ : T2π → C be measurable and finite almost
everywhere, and suppose that

∆ϕ = 0 Ξ-almost everywhere. (2.5)

There are unique A,B ∈ C such that

ϕ = A+Bω m-almost everywhere. (2.6)

In particular, ϕ has a unique smooth periodic representative. Conversely, every affine-frequency rep-
resentative x 7→ A + Bω(x) satisfies the invariant identity on every resonance in (2.2). Real-valued
invariants have real coefficients A,B.

Regularity in this theorem is a consequence of the resonance identity. For a measurable function that
is merely finite almost everywhere, we first compare level sets along the three non-target legs to obtain
an L∞ bound on the circle. Resonance averages then produce a smooth representative. Only at that
stage do we differentiate along resonance charts: second-order compatibility for the odd part and third-
order compatibility for the even part, together with periodic matching, determine A,B. We first verify
that changing the function on a one-dimensional null set leaves its identity on the resonance surface
unchanged.

Lemma 2.2 (Absolute continuity of the four coordinate maps). Let E ⊂ T2π be a one-dimensional
Lebesgue null set. For each of the maps πi = x, y, z, x+ y − z, one has

Ξ(π−1
i (E)) = 0. (2.7)

Thus (2.5) is independent of the almost-everywhere representative of ϕ.

Proof. The surface Σ is a real-analytic two-dimensional manifold. Choose a countable cover by relatively
compact connected analytic charts. We first show that x is nonconstant on every nonempty open surface
patch. If x = x∗ on such a patch, its tangent space is { dx = 0}, so (y, z) gives local coordinates on the
patch. Consequently F (x∗, y, z) = 0 on a two-dimensional open set. Taking the mixed derivative in y, z
gives

ω′′(x∗ + y − z) = 0

on a real interval. Analyticity forces ω′′ to vanish identically, and periodicity then makes ω constant,
contrary to d > 0.

On each connected analytic chart, therefore, some coordinate derivative of x is not identically zero.
The zero set of a nonzero real-analytic function is Lebesgue null, so the set where dx = 0 has zero two-
dimensional measure. The analytic fact used here follows from local power series and Fubini: choose a
nonzero coefficient in an expansion in one variable; outside a null set of parameters, the resulting one-
variable analytic function has discrete zeros, and a countable rectangle cover completes the argument.
Away from this null set, x is a local submersion. Shrinking the chart and changing a coordinate whose
derivative is bounded away from zero proves (2.7) for π0 = x.

The other three legs follow by exchanging the incoming legs, the outgoing legs, or the incoming and
outgoing pairs. In the three coordinates left after elimination, these are integer linear transformations
with determinant of absolute value 1. They preserve F up to sign, and hence preserve regularity. On
every relatively compact regular chart, Ξ has a smooth positive density with respect to two-dimensional
coordinate measure. A countable cover gives the claim on all of Σ.

We will also prove a positive spectral gap for the collision difference, finite energy of smooth functions,
and a maximal closed form. We begin with resonance coordinates covering every point of the circle.
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2.2 Nondegenerate resonance charts and regularization of measurable functions

Write v = ω′ for the group velocity. We use the first leg x as the target variable and z as the averaging
variable, determining y, w from the conservation laws. Suppose a resonant quartet (x∗, y∗, z∗, w∗) has
pairwise distinct non-target velocities v(y∗), v(z∗), v(w∗). Then Fy = v(y∗) − v(w∗) 6= 0, and the
implicit function theorem gives a resonance chart

(x,H(x, z), z,W (x, z)), W = x+H − z, (2.8)

on a real coordinate rectangle I × J . Differentiating the energy identity gives

Hz =
v(z)− v(W )

v(H)− v(W )
, Wz =

v(z)− v(H)

v(H)− v(W )
. (2.9)

The nonzero denominator allows us to solve the energy equation for y = H(x, z); the two nonzero
numerators allow both H,W to be used as one-dimensional changes of integration variable. These three
nondegeneracy conditions have distinct roles. After shrinking the rectangle, each leg takes values in a
real lift interval of length less than 2π, and Hz,Wz and v(H) − v(W ) are bounded away from zero on
the closure. For fixed x, the maps H,W are therefore monotone in z and injective even as circle-valued
maps. The coarea measure on this chart is

dΞ = (2π)−3 dx dz
|v(H)− v(W )|

. (2.10)

Lemma 2.3 (Resonance charts covering all target points). For every x∗ ∈ T2π, there is a nontrivial
resonant quartet whose first leg is x∗ and whose other three velocities are pairwise distinct. Consequently
the circle admits a finite cover by target intervals satisfying (2.8)–(2.10).

Proof. An explicit symmetric quartet treats every target except four points. At those points some velocities
coincide, so we construct an asymmetric quartet instead. Reflection, translation, and compactness then
give the finite cover. First suppose that

x∗ /∈ E := {0, π/2, π, 3π/2}.

Take
(x, π − x,−x, π + x). (2.11)

The four legs are distinct and conserve periodic momentum; energy conservation follows from the even-
ness of ω. Write

a = ω′(x) =
d sinx
ω(x)

, b = ω′(π − x) =
d sinx
ω(π − x)

. (2.12)

The numbers a, b are nonzero, have the same sign, and are unequal. The non-target velocities b,−a,−b
are thus pairwise distinct. In particular, at the center of this chart,

Fy = 2b, Hz =
b− a

2b
, Wz =

−b− a

2b
. (2.13)

To treat the four exceptional points, temporarily allow an auxiliary signed parameter−1/2 < d̃ < 1/2,
d̃ 6= 0, and set

u =

√
1− 2d̃, c0 = 1− u, q =

√
4 + 4c0 − 7c20,

A =
c0 + q

2
, B =

q − c0
2

.
(2.14)
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Then 0 < u <
√
2, 1−

√
2 < c0 < 1, c0 6= 0, and

2d̃ = c0(2− c0), A−B = c0, A+B = q,

AB = u(1 + 2c0) > 0, A2 +B2 = 2 + 2c0 − 3c20. (2.15)

Since 1 + 2c0 > 3− 2
√
2 > 0, we have q > |c0| and hence A,B > 0. Moreover,

(1−A2)2 + (1−B2)2 = c20(2− c0)
2 = (2d̃)2, (2.16)

(2 + c0)
2 − q2 = 8c20 > 0,

q2 − (2− c0)
2 = 8c0(1− c0). (2.17)

Thus B < 1, while A > 1 if d̃ > 0 and A < 1 if d̃ < 0. Equation (2.16) determines a unique angle y
such that

cos y =
1−A2

2d̃
, sin y =

1−B2

2d̃
. (2.18)

For positive parameter, y ∈ (π/2, π); for negative parameter, y ∈ (π, 3π/2). With auxiliary dispersion
ω
d̃
(x) =

√
1− 2d̃ cosx, we have

ω
d̃
(0) = u, ω

d̃
(y) = A, ω

d̃
(π/2) = 1, ω

d̃
(y − π/2) = B.

The equality u+A = 1 +B shows that

(0, y, π/2, y − π/2) (2.19)

conserves both periodic momentum and energy.
Put w = y − π/2. The four velocities are 0, vy, d̃, vw, respectively, where

vy =
1−B2

2A
, vw =

A2 − 1

2B
. (2.20)

Factoring with (2.15) gives

vy − vw = −c0u(A+B)

2AB
,

vy − d̃ = −c0u(A+ 1)

2A
,

vw − d̃ =
c0u(1−B)

2B
.

(2.21)

Every right-hand side is nonzero. Hence{
0 < vy < d̃ < vw, d̃ > 0,

vw < d̃ < 0 < vy, d̃ < 0.
(2.22)

In particular, all four velocities are pairwise distinct.
Return now to the fixed positive parameter d. With d̃ = d, the quartet (2.19) gives a chart at target

0. Exchanging the incoming and outgoing pairs writes it as (π/2, w, 0, y) and gives a chart at target π/2.
Reflecting all four legs gives a chart at target 3π/2. Finally, construct (2.19) with d̃ = −d and translate
all four legs by π. The identities

ωd(s+ π) = ω−d(s), ω′
d(s+ π) = ω′

−d(s) (2.23)

place the resulting quartet on the resonance surface for the positive parameter d and give a chart at target
π. Both momentum sums increase by 2π, so periodic momentum conservation is preserved. This covers
all four exceptional points. For each target, first choose x∗ ∈ I ′ ⋐ I inside its resonance chart I×J , then
choose a finite subcover from these inner intervals I ′. The averaging kernels below are defined on the
outer intervals I , while uniform estimates are taken on I ′; subsequent chart restrictions leave the chosen
cover of the circle intact.
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In this atlas, each of the non-target maps z,H(x, z),W (x, z) permits a change of variable in z. For
integrable ϕ, the resonance average in (2.25) can therefore be written as the integral of ϕ against a smooth
kernel, with target derivatives falling on that kernel. The resonance identity makes the function equal to
its average. To cover the finite measurable class of Theorem 2.1, the next proof first uses level sets to
establish boundedness, and only then integrates function values.

Lemma 2.4 (From finite measurability to smoothness). Every measurable function that is finite almost
everywhere and satisfies (2.5) belongs to L∞(T2π) and has a smooth periodic representative. If ϕ ∈ L1

is already known, this representative satisfies, for each integer r ≥ 0,

‖ϕ‖Cr ≤ Cd,r‖ϕ‖L1(m). (2.24)

Proof. Fix inner and outer intervals and a rectangle from Lemma 2.3, denoted by I ′ ⋐ I and I × J , with
|Hz| ≥ cH > 0 and |Wz| ≥ cW > 0. Set EM = {s : |ϕ(s)| > M}. Since the circle has finite measure
and ϕ is finite almost everywhere, |EM | → 0. For each fixed x ∈ I , one-dimensional changes of variable
give

|{z ∈ J : z ∈ EM}| ≤ |EM |,
|{z ∈ J : H(x, z) ∈ EM}| ≤ c−1

H |EM |,
|{z ∈ J :W (x, z) ∈ EM}| ≤ c−1

W |EM |.

Choose a finiteM so that the sum of these bounds is less than |J |/2. For each x, there is then a set of z of
measure at least |J |/2 on which the three non-target values have absolute value at most M . Integrability
of the function has not been used. Apply Fubini only to the indicator of the set where the invariant identity
fails. By (2.10), for almost every x the identity holds for almost every z. Thus, for almost every x ∈ I ,
the positive measure set just constructed contains a z at which the identity holds, and

|ϕ(x)| = |ϕ(z) + ϕ(W (x, z))− ϕ(H(x, z))| ≤ 3M.

The same bound holds on I ′. The finitely many inner intervals cover the circle, so taking the maximum
of their thresholds M gives the global L∞ bound.

We may now use L1 regularization. Choose χ ∈ C∞
c (J) with χ ≥ 0 and

∫
χ(z) dz = 1. The

invariant relation gives, almost everywhere,

ϕ(x) =

∫
χ(z)ϕ(z) dz +

∫
χ(z)ϕ(W (x, z)) dz −

∫
χ(z)ϕ(H(x, z)) dz. (2.25)

Change variables along W and H in the last two terms. For example, if z = ZH(x, s) is the inverse of
s = H(x, z), the corresponding kernel is

KH(x, s) =
χ(ZH(x, s))

|Hz(x, ZH(x, s))|
.

The support ofχ has positive distance from ∂J , and |Hz| ≥ cH , so the distance betweenH(x, suppχ) and
H(x, ∂J) is uniformly positive. The inverse function theorem gives uniform bounds on all derivatives of
ZH for x ∈ I ′. ConsequentlyKH vanishes near the boundary of the image interval and extends smoothly
by zero to a kernel on the circle, with

sup
x∈I′, s∈T2π

|∂rxKH(x, s)| ≤ Cr (r ≥ 0).

TheW term is treated in the same way; the first kernel is χ, independent of x. Thus the right-hand side of
(2.25) is smooth, with each derivative bounded by Cr‖ϕ‖1. The finite cover gives (2.24). Local smooth

12



representatives agree almost everywhere on overlaps and hence, by continuity, everywhere there. They
therefore define a unique global smooth periodic representative.

Lemma 2.2 shows that replacing the function by this representative preserves the invariant identity
almost everywhere on all of Σ. The collision difference is continuous on the regular surface, and every
regular open patch has positive measure. The identity therefore holds pointwise at every regular resonant
point.

2.3 Second- and third-order compatibility on the symmetric resonance branch

We next prove that a C1 periodic invariant must have the form A + Bω. Away from E , the symmetric
charts of Lemma 2.3 and (2.25) already give local smoothness, so the second and third derivatives below
require only the initial C1 assumption. If the identity is initially known only almost everywhere on Σ,
continuity first makes it pointwise on these charts. We treat the odd and even parts separately. For the odd
part, two differentiations leave a nonzero coefficient times ϕ′′. For the even part, we subtract a multiple of
the third-order energy identity from the third-order invariant identity to eliminate the unknown derivative
of the resonance branch. The resulting ordinary differential equation is solved on two open intervals,
whose solutions are then matched by endpoint regularity and periodicity.

Reflection of all four legs, xi 7→ −xi, preserves resonance. Hence the odd and even parts separately
satisfy the invariant relation. First let ϕ be odd. On (2.11), the invariant relation gives

ϕ(π − x) = −ϕ(x), ϕ(π + x) = ϕ(x). (2.26)

Fix x /∈ E and take the following curve in its resonance chart:

z(t) = −x+ t, y(t) = H(x, z(t)), w(t) = x+ y(t)− z(t). (2.27)

Write y′(0) = α and y′′(0) = β. Then w′(0) = α − 1 and w′′(0) = β. By (2.26) and oddness, the
derivatives at the four base points satisfy

ϕ′(π − x) = ϕ′(−x) = ϕ′(π + x) = ϕ′(x),

ϕ′′(π − x) = ϕ′′(−x) = −ϕ′′(x), ϕ′′(π + x) = ϕ′′(x).

Differentiate ϕ(x) + ϕ(y(t))− ϕ(z(t))− ϕ(w(t)) = 0 twice. The two βϕ′ terms cancel, leaving

0 = [1− α2 − (α− 1)2]ϕ′′(x) =
b2 − a2

2b2
ϕ′′(x). (2.28)

Since a2 6= b2 in (2.12), we obtain ϕ′′ = 0 on T2π \E . TheC1 assumption matches the constant values of
ϕ′ on the intervening intervals. Periodicity forces their common slope to vanish, and oddness then forces
the function itself to vanish.

Now let ϕ be even and fix x ∈ (0, π) \ {π/2}. Along (2.27), write

y′(0) = α, y′′(0) = β, y′′′(0) = γ, ca = ω′′(x), cb = ω′′(π − x), r = a/b.

The first- and second-order energy identities give, respectively,

α =
1− r

2
, β =

ca + rcb
2b

. (2.29)

Define g(x) = ϕ′(x)/ω′(x). The first-order invariant identity is

0 = (2α− 1)ϕ′(π − x) + ϕ′(x),
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and therefore

g(π − x) = g(x), g′(π − x) = −g′(x), g′′(π − x) = g′′(x). (2.30)

The third-order energy and invariant identities are

0 = 2bγ + 3cbβ + ω′′′(π − x)[α3 + (α− 1)3] + ω′′′(x), (2.31)
0 = 2ϕ′(π − x)γ + 3ϕ′′(π − x)β + ϕ′′′(π − x)[α3 + (α− 1)3] + ϕ′′′(x). (2.32)

Subtract g(x) times (2.31) from (2.32). This eliminates the third branch derivative γ. Using ϕ′ = ω′g

and (2.30), we have

ϕ′′(π − x)− gcb = −bg′,
ϕ′′′(π − x)− gω′′′(π − x) = −2cbg

′ + bg′′,

ϕ′′′(x)− gω′′′(x) = 2cag
′ + ag′′. (2.33)

With H3 = α3 + (α− 1)3 = −r(3 + r2)/4, the remaining identity reads

−3bβg′ + (−2cbg
′ + bg′′)H3 + 2cag

′ + ag′′ = 0.

Substitution of (2.29) and simplification yield

a(1− r2)g′′ + 2(ca + r3cb)g
′ = 0. (2.34)

Since b′(x) = −cb, direct differentiation gives

d
dx

log
∣∣∣∣ a2b2

b2 − a2

∣∣∣∣ = 2(ca + r3cb)

a(1− r2)
. (2.35)

Thus (2.34) is equivalent to (
a2b2

b2 − a2
g′
)′

= 0. (2.36)

For the dispersion (2.1), the integrating factor simplifies explicitly:

a2 =
d2 sin2 x

1− 2d cosx
, b2 =

d2 sin2 x
1 + 2d cosx

,
a2b2

b2 − a2
= −d sin2 x

4 cosx
. (2.37)

On each of the intervals (0, π/2) and (π/2, π), we obtain

g(x) = A0 +
B0

sinx
, ϕ′(x) =

d(A0 sinx+B0)

ω(x)
. (2.38)

For now the constants may differ between the two intervals. An even periodic C1 function satisfies
ϕ′(0) = ϕ′(π) = 0. Since ω(0), ω(π) > 0, the two endpoints force B0 = 0 on their respective in-
tervals. At π/2 we have ω′(π/2) = d 6= 0, so continuity of ϕ′ also matches the two values of A0.
Continuity of ϕ matches the constants of integration. Hence ϕ = A + Bω on [0, π], and evenness and
periodicity extend the identity to the circle.

This proves the C1 classification. Together with Lemma 2.4, it proves Theorem 2.1. Since ω(0) 6=
ω(π), the two coefficients are unique. The converse follows directly from (2.2).

Remark 2.5 (The interval equation and endpoint resonances). Eliminating the B0 term in (2.38) requires
the endpoint conditions. For example, the continuous even periodic function

Φ(x) = d

∫ dist(x,2πZ)

0

ds
ω(s)
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gives g = 1/ sinx on (0, π) and satisfies (2.30) and (2.34), but has corners at 0, π. For the positive-
parameter value of y in (2.19), put w = y − π/2 ∈ (0, π/2). Its collision difference is

∆Φ = d

∫ w

0

(
1

ω(s+ π/2)
− 1

ω(s)

)
ds < 0.

Here ω(s + π/2) > ω(s). Thus the endpoint regularity provided by charts at every target excludes this
branch, which the third-order equation on the open intervals alone would retain.

Corollary 2.6 (Positive affine-frequency denominators). Suppose 0 < W < ∞ almost everywhere and
1/W satisfies (2.5). Then W = (A + Bω)−1 almost everywhere, with A,B ∈ R. If also W ∈ L1(m),
then

min
x
(A+Bω(x)) > 0. (2.39)

Proof. Theorem 2.1 applies to the finite measurable function 1/W . Since ω is nonconstant, the identity
ImA + ImB ω = 0 forces A,B to be real. The continuous denominator is positive almost everywhere
and therefore nonnegative everywhere. If it vanishes somewhere, a nonzero affine function of frequency
can vanish only at a maximum or minimum of ω. Both extrema are nondegenerate and quadratic, so the
reciprocal has a nonintegrable quadratic pole. An identically zero denominator contradicts the almost-
everywhere finiteness and positivity of W . This proves (2.39).

The corollary assumes the resonance invariant identity for 1/W . Starting from a nonlinear stationary
state, one must still justify the collision integral and entropy production identity in the relevant function
class to obtain that assumption. Condition (2.39) allows B to be positive, zero, or negative.

2.4 Resonance averaging and a positive spectral gap

Let a(x0, x1, x2, x3) be a smooth positive weight on the compact four-dimensional torus such that

0 < a− ≤ a ≤ a+ <∞. (2.40)

In the reduced coordinates it is always evaluated at a(x, y, z, x+y−z). The lower bound in this subsection
requires no additional symmetry. When relating it to the linearized collision operator, we will require
invariance of a under exchange of the two incoming legs, exchange of the two outgoing legs, and exchange
of the two pairs. Define the extended quadratic form

Da(ϕ) =

∫
Σ
a|∆ϕ|2 dΞ ∈ [0,∞], ϕ ∈ L2(m). (2.41)

Lemma 2.2 makes this well-defined on L2 equivalence classes. Let P0 be the orthogonal projection in
L2(m) onto span{1, ω}.

Theorem 2.7 (Positive spectral gap). There is λd,a > 0 such that every ϕ ∈ L2(m) satisfies

Da(ϕ) ≥ λd,a‖(I − P0)ϕ‖2L2(m). (2.42)

The left-hand side may be infinite.

Proof. We construct a smooth averaging operator K for which the dissipation controls ϕ − Kϕ. A
bounded sequence with vanishing dissipation is then asymptotic to the image of a compact operator and
has a strongly convergent subsequence. We pass zero dissipation to its limit and apply the classification
of invariants. Choose a nonnegative smooth partition of unity ρi subordinate to the finite inner-interval
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cover of Lemma 2.3, with supp ρi ⋐ I ′i ⋐ Ii. Choose also χi ∈ C∞
c (Ji), χi ≥ 0,

∫
χi = 1. For an

arbitrary ϕ ∈ L2, define

Kiϕ(x) =

∫
χi(z)[ϕ(z) + ϕ(Wi(x, z))− ϕ(Hi(x, z))] dz,

Kϕ =
∑
i

ρiKiϕ. (2.43)

The change-of-variable argument in Lemma 2.4 shows that K has a global smooth kernel and that, for
each integer r ≥ 0,

‖Kϕ‖Cr ≤ Cd,r‖ϕ‖2. (2.44)

In particular, K : L2 → L2 is compact. It need not be a projection or a self-adjoint operator.
By definition and

∫
χi = 1,

ϕ(x)−Kiϕ(x) =

∫
χi(z)∆ϕ(x,Hi(x, z), z) dz.

Applying Jensen’s inequality twice gives

‖ϕ−Kϕ‖22 ≤
∑
i

∫
ρi(x)χi(z)|∆ϕ(x,Hi(x, z), z)|2m( dx) dz

≤ Cd,aDa(ϕ). (2.45)

The last step uses (2.10): the Jacobian factors and weights have uniform bounds on the compact supports,
and finite overlap contributes only a finite constant. For a general L2 function, the three compositions on
a chart are locally in L2, so Fubini justifies this step. The inequality is automatic when the right-hand
side is infinite.

If (2.42) failed, there would be ϕn ⊥ span{1, ω} with ‖ϕn‖2 = 1 and Da(ϕn) → 0. By (2.45),
ϕn −Kϕn → 0 in L2. Compactness gives a subsequence ϕn → ϕ strongly in L2, with ‖ϕ‖2 = 1 and
P0ϕ = 0. Pass to a further subsequence converging almost everywhere in the one-dimensional variable.
Lemma 2.2 transfers convergence simultaneously along all four legs to all of Σ. Fatou’s lemma gives

Da(ϕ) ≤ lim inf
n

Da(ϕn) = 0.

Theorem 2.1 forcesϕ ∈ span{1, ω}, contradicting its unit norm and orthogonality. This limiting step uses
the coarea measure on all regular resonances; the finite averaging charts are used only for the compactness
estimate (2.45). Finally,Da ≥ a−D1 permits the choice λd,a = a−λd,1, which also yields a uniform lower
bound as the weight varies over a compact positive parameter family.

2.5 Critical resonances and cancellation in the collision difference

Resonance averaging has already given the positive spectral gap. To construct a dense domain for (2.41),
we must also prove that smooth test functions have finite energy near critical points of the energy. The key
is the common factor in (2.49) below: F = −uvGω and ∆ϕ = −uvGφ. Forming the collision difference
before taking the regularized energy δ limit preserves this cancellation within the same integral. The
factorization uses second-order calculus for ϕ ∈ C2; general L2 functions will subsequently be treated
through the maximal closed difference operator. We first show that every critical resonance admits the
required coordinates. Direct calculation gives

ω′(x) =
d sinx
ω(x)

, ω′′(x) =
d[cosx− d(1 + cos2 x)]

ω(x)3
. (2.46)
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The polynomial h(t) = t − d(1 + t2) is strictly increasing on [−1, 1], since h′(t) = 1 − 2dt > 0, and
h(−1) < 0 < h(1). Its unique zero t∗ ∈ (0, 1) is simple. Thus ω′ first increases strictly and then
decreases strictly on (0, π), and has a corresponding unique minimum on (π, 2π). Both zeros of the
curvature are simple; for example, x∗ = arccos t∗ satisfies

ω′′′(x∗) = −d(1− 2d cosx∗) sinx∗
ω(x∗)3

6= 0. (2.47)

Lemma 2.8 (Critical points and their local coordinates). Every critical quartet in the resonance set {F =

0} is a trivial permutation. Near each critical point, after permuting the legs and taking local real lifts,
one can choose coordinates

x = z + u, y = z + v, w = z + u+ v (2.48)

in which, for every C2 function ϕ,

F = −uvGω, ∆ϕ = −uvGφ, Gφ(z, u, v) =

∫ 1

0

∫ 1

0
ϕ′′(z + su+ tv) ds dt. (2.49)

The neighborhood can be chosen to have one of the following two forms:

1. |Gω| is uniformly bounded away from zero, and the center has u = v = 0;
2. |∂zGω| is uniformly bounded away from zero, so that q = Gω can be used as a coordinate.

Proof. The unimodality following from (2.46) shows that each velocity value has at most two preimages
on the circle. If the preimages are distinct, they have curvatures of opposite signs and distinct frequencies:
positive and negative velocities lie in their respective semicircles, on each of which ω is strictly monotone;
zero velocity occurs only at 0, π. On the other hand,

∇F = 0 ⇐⇒ ω′(x) = ω′(y) = ω′(z) = ω′(w). (2.50)

The four legs of a critical quartet thus take at most two values p, q. If p occurs j, k times in the incoming
and outgoing pairs, respectively, energy conservation gives

(j − k)[ω(p)− ω(q)] = 0.

Distinct points have distinct frequencies, so j = k. The two multisets agree, and the quartet is a trivial
permutation. The case of four identical legs is included.

For the trivial pairing x = z, y = w, choose (2.48), with u = 0 at the center. If the other two points
are distinct, choose a nonzero local real representative v0 6= 0; if all four legs coincide, take u0 = v0 = 0.
The change of coordinates has determinant of absolute value 1, and periodic functions are represented by
their periodic real lifts. Two applications of the fundamental theorem of calculus give (2.49). Exchanging
the two incoming legs reduces the other trivial pairing to this case.

At a critical point with u = 0, v 6= 0,

Gω(z, 0, v) =
ω′(z + v)− ω′(z)

v
= 0,

∂zGω(z, 0, v) =
ω′′(z + v)− ω′′(z)

v
6= 0. (2.51)

The last inequality follows because the two preimages of the same velocity have curvatures of opposite
signs. At u = v = 0, Gω = ω′′(z). If this vanishes, then ∂zGω = ω′′′(z) 6= 0 by (2.47), giving the
second type of chart. If it does not vanish, we obtain the first type. Every quartet with four identical legs
is critical, so the first type must also be included. Compactness of the critical set gives a finite cover by
such neighborhoods.
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Equation (2.49) is a double-difference identity. For example, taking ϕ(t) = t2 only in a local real lift
gives

(z + u)2 + (z + v)2 − z2 − (z + u+ v)2 = −2uv, Gφ = 2.

This local, nonperiodic calculation explains the factor uv: the four terms cancel the constant and linear
parts, leaving only the mixed second-order term. Averaging the second derivative in (2.49) gives the same
structure for any C2 function.

Proposition 2.9 (Finite energy of smooth functions and the regularized limit). For ϕ ∈ C2(T2π),

Da(ϕ) ≤ Cd,a‖ϕ‖2C2 ,

∫
Σ
a|∆ϕ| dΞ ≤ Cd,a‖ϕ‖C2 . (2.52)

Let ρη ∈ C∞
c (R) be any family of nonnegative functions satisfying∫

ρη(s) ds = 1, supp ρη ⊂ [−η, η]. (2.53)

Then, for ϕ,ψ ∈ C2,

lim
η↓0

∫
T3
2π

a∆ϕ∆ψ ρη(F )m( dx)m( dy)m( dz)

=

∫
Σ
a∆ϕ∆ψ dΞ.

(2.54)

No evenness, fixed profile, or uniform O(η−1) height bound is required of ρη.

Proof. We first estimate the collision difference in the two types of critical chart and then treat the regular
region away from the critical set. In the second type, the nontrivial resonance branch isGω = 0. The first
type has only trivial zero branches, and its regularized integral must separately be shown to vanish. In a
chart of the second type, change variables to q = Gω. On the nontrivial regular branch q = 0, uv 6= 0,
(2.49) gives

|∆ϕ|2 dΞ = (2π)−3 |uv| |Gφ|2

|∂zGω|
du dv, (2.55)

|∆ϕ| dΞ = (2π)−3 |Gφ|
|∂zGω|

du dv. (2.56)

Both expressions are locally integrable, since |Gφ| ≤ ‖ϕ′′‖∞. The collision difference vanishes on trivial
regular branches. Charts of the first type contain only trivial zero branches and hence contribute nothing
to the form. Regular compact sets away from the critical set have finite coarea measure, so a finite cover
proves (2.52).

Choose a smooth partition of unity subordinate to these charts and the remaining regular region. In a
chart of the second type, the regularized integral at fixed u, v has the form

u2v2
∫
A(q, u, v)ρη(−uvq) dq, (2.57)

whereA includes the weight, cutoff,GφGψ, and Jacobian factor; it is continuous and uniformly bounded.
The absolute value of (2.57) is bounded byC|uv|, using

∫
ρη(−uvq) dq ≤ |uv|−1. For each fixed uv 6= 0,

the one-dimensional approximate identity gives |uv|A(0, u, v). Dominated convergence on the bounded
u, v region gives the sesquilinear version of (2.55). The axes uv = 0 form a two-dimensional null set,
and the uniform C|uv| bound also controls their neighborhoods.
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A chart of the first type is centered at u = v = 0. After shrinking the neighborhood, set V =

vGω(z, u, v); its derivative with respect to v is bounded away from zero. Then

F = −uV, ∆ϕ = −uV Gφ
Gω

, |∆ϕ∆ψ| ≤ Cu2V 2. (2.58)

Take a rectangle [−L,L]2 containing the projection of this chart and set

Jj(η) =

∫
[−L,L]2

|uV |jρη(−uV ) du dV.

For fixed u 6= 0, a one-dimensional change of variables bounds the slice of J1 by L; the support condition
gives the additional bound η/|u|. Splitting the integral into |u| ≤ δ and |u| > δ yields J1(η) ≤ 2Lδ +

2Lη/δ. Choosing δ =
√
η, we obtain J1(η) ≤ 4L

√
η. On the support of the kernel, |uV | ≤ η, so

J2(η) ≤ ηJ1(η). The coordinate Jacobian is bounded, and the contribution of this chart satisfies

|regularized integral| ≤ CJ2(η) ≤ Cη3/2 −→ 0. (2.59)

Only (2.53) was used, so the argument applies to any family stated in the proposition. In the remaining
regular region, the usual coarea change of variables applies; compact sets away from F = 0 eventually
contribute nothing. Summing finitely many pieces proves (2.54).

This limit regularizes the critical energy after the collision difference has been formed. It does not
assign a finite measure limit to ρη(F ) alone, without cancellation. For smooth collision differences there
is no residual critical contribution to the form.

2.6 The maximal closed form, self-adjoint realization, and linearization normalization

Set

H = L2(T2π,m), Ga = L2(Σ, a dΞ), DomRa = {ϕ ∈ H : ∆ϕ ∈ Ga}, Raϕ = ∆ϕ.

(2.60)
The domain contains every L2 function whose collision difference is square integrable; this is the max-
imal difference operator. The four individual pullbacks need not belong to Ga, since the domain allows
cancellation between them. Lemma 2.2 ensures that the operator is independent of representatives.

Theorem 2.10 (Closed form and spectral-gap realization). The operatorRa is closed and densely defined,
with C2(T2π) ⊂ DomRa. For every γ > 0, the form

qa(ϕ,ψ) =
γ

4
〈Raϕ,Raψ〉Ga , Dom qa = DomRa (2.61)

is closed and densely defined. Its associated nonnegative self-adjoint operator is

La =
γ

4
R∗
aRa, DomLa = {ϕ ∈ DomRa : Raϕ ∈ DomR∗

a}. (2.62)

Moreover,
kerLa = span{1, ω}, qa(ϕ,ϕ) ≥

γ

4
λd,a‖(I − P0)ϕ‖22. (2.63)

Proof. Proposition 2.9 gives C2 ⊂ DomRa, hence density of the domain. Suppose ϕn → ϕ in H and
Raϕn → Z in Ga. First take a subsequence such that ϕn → ϕ almost everywhere in the one-dimensional
variable. Lemma 2.2 gives simultaneous almost-everywhere convergence of its four pullbacks on all of
Σ, so Raϕn → ∆ϕ almost everywhere. Take a further almost-everywhere convergent subsequence from
the Ga-convergent sequence to obtain Z = ∆ϕ. Thus ϕ ∈ DomRa, proving that the operator is closed.
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The square of the graph norm is ‖ϕ‖22 + (γ/4)‖Raϕ‖2Ga
. Closedness makes the domain a Hilbert

space in this norm. For every f ∈ H, the Riesz representation theorem gives a unique u ∈ DomRa
satisfying

〈u, v〉+ qa(u, v) = 〈f, v〉 (v ∈ DomRa).

By the definition of the adjoint, this is equivalent to u ∈ DomLa and (I+La)u = f . To verify density of
the operator domain as well, denote the solution operator by Sf = u. Taking v = u gives ‖Sf‖2 ≤ ‖f‖2;
testing the solutions for two right-hand sides against one another gives

〈Sf, g〉 = 〈Sf, Sg〉+ qa(Sf, Sg) = 〈f, Sg〉.

Thus S is bounded and self-adjoint. If Sf = 0, the variational identity makes f orthogonal to the
dense domain DomRa, hence f = 0. Therefore RanS = (kerS)⊥ = H, while RanS = DomLa.
We now know that La is densely defined, symmetric, and nonnegative, and that I + La is surjective.
For h ∈ DomL∗

a, take u = S(h + L∗
ah). Then (I + L∗

a)(h − u) = 0; this kernel is orthogonal to
Ran(I + La) = H, so h = u ∈ DomLa. This proves self-adjointness and identifies the operator
associated with (2.61). Its kernel is kerRa. Theorem 2.1 identifies that kernel, and Theorem 2.7 gives
(2.63).

The realization in Theorem 2.10 is determined by the maximal integral domain (2.60). Proposition 2.9
shows thatC2 is a dense subspace of finite-energy functions, where density refers to the ambientL2 space.
Establishing that C2 is a form core or an operator core would require the corresponding approximation
in graph norm. In particular, C2 ⊂ DomRa does not by itself imply C2 ⊂ DomLa.

We conclude by relating this realization to the weak collision expression. Suppose a has the four-leg
symmetries stated above. For ϕ,ψ ∈ C2, (2.52) ensures that each integral∫

Σ
a|∆ϕ| |ψ(xi)| dΞ

is finite. Exchanging the incoming legs leaves the collision difference unchanged, whereas exchanging the
incoming and outgoing pairs reverses its sign. These changes in the reduced coordinates have determinant
of absolute value 1 and preserve the coarea measure. We may therefore expand the collision difference
of the test function term by term to obtain

qa(ϕ,ψ) = γ

∫
Σ
a∆ϕψ(x) dΞ. (2.64)

The same critical coordinates prove the regularized limit with a single collision difference. In a q = Gω
chart, uv

∫
A(q, u, v)ρη(−uvq) dq is bounded in absolute value by a constant. For each fixed uv 6= 0, the

inner integral has its one-dimensional approximate-identity limit. The constant bound is integrable on the
bounded u, v region, and the axes remain a two-dimensional null set. In aGω 6= 0 chart, the contribution
is at most C√η. Consequently,

lim
η↓0

γ

∫
T3
2π

a∆ϕψ(x)ρη(F ) dm3

= γ

∫
Σ
a∆ϕψ(x) dΞ.

(2.65)

This proves the limit directly even for a noneven ρη; symmetrization by exchanging the two pairs is not
used at finite η.

For fixed ϕ ∈ C2, the pushforward of the finite complex measure γa∆ϕ dΞ along the first leg is
absolutely continuous with respect to m by Lemma 2.2. Thus (2.64) defines an L1(m) weak output. On
C2 ∩ DomLa, it agrees with the L2 output of (2.62).
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The corresponding normalization in [4, equations (3.21) and (4.1)] is

a =

3∏
i=0

ω(xi)
−2, γ =

9π

4
, qALS(ϕ,ϕ) =

9π

16

∫
Σ

3∏
i=0

ω(xi)
−2|∆ϕ|2 dΞ. (2.66)

The angular normalization m( dx) = dx/(2π) and the factor (2π)−3 after momentum elimination are
already included in (2.3).

More generally, let N = (α+ βω)−1 > 0 and set

aN =

∏3
i=0N(xi)∏3
i=0 ω(xi)

. (2.67)

The form in the physical relative perturbation W = N +Ng is

qN (g, h) =
γ

4

∫
Σ
aN∆(g/N)∆(h/N) dΞ. (2.68)

The positive bounded invertible multiplication g 7→ g/N makes this form closed and densely defined,
with kernel N span{1, ω}. The inequality

distL2(g,N span{1, ω}) ≤ ‖N‖∞ distL2(g/N, span{1, ω})

gives the corresponding positive spectral gap. If (α, β) ranges over a fixed compact positive parameter
set, the lower bound for the weight and the multiplication bounds are uniform, so the gap constant can
also be chosen uniformly.

To check the sign, write the factor in the weak four-wave collision expression as

γ(
∏

ω−1
i )

∏
Wi∆(1/W ).

At W = N + N2ϕ, the identity ∆(1/N) = 0 eliminates the first variations of the four multiplicative
weights, while δ(1/W ) = −ϕ. The linear term is therefore −γ

∫
aN∆ϕ. The positive sign of the

dissipation operator agrees with (2.64). The conversion between g andϕ is specified by (2.68); the positive
multiplication is not a unitary transformation. In particular, forN = (βω)−1 one has aN = β−4

∏
i ω

−2
i ,

so in the N2ϕ variable the linear term is −β−4LALSϕ, in agreement with the temperature factor in [4,
equation (3.20)]. The conclusions of this section concern collision invariants, the dissipation gap, and its
closed-form realization. A nonlinear diffusion limit with spatial transport requires additional dynamical
estimates.

3 Geometry and degenerate dissipation for four-wave collisions with a
cube cutoff

We now turn to quadratic dispersion in three dimensions. The full four-leg collision difference again
connects conservation with dissipation: after grouping the momenta into incoming and outgoing pairs,
the entire dissipation becomes a pair-sum variance over the admissible spherical directions. The pair
sums at every center and radius come from the same function and therefore jointly determine the five-
dimensional null space. Fix R > 0 and let D = [−R,R]3 be the momentum domain; all four legs of
every collision are restricted to this same cube. At its corners, the set of admissible collisions degenerates
and the collision frequency vanishes. We first compute this rate of degeneracy, then use the frequency as
a weight to establish coercivity and an inverse for the linear equation. Finally, we prove the corner-layer
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positivity and spatial product bounds needed in the nonlinear energy estimates. To distinguish momentum
components from collision-leg indices, write k = (k(1), k(2), k(3)) and set

Ψ(k) = (1, k(1), k(2), k(3), |k|2)T , Θ+ = {θ ∈ R5 : min
k∈D

θ ·Ψ(k) > 0}, Nθ = (θ ·Ψ)−1.

Unless stated otherwise, the parameters lie in a fixed compact set Θ ⋐ Θ+. Thus Nθ and its parameter
and momentum derivatives of any fixed order are uniformly bounded, and 0 < N− ≤ Nθ ≤ N+ < ∞.
Constants may depend on R,Θ, but not on the strong-collision coefficient introduced later.

3.1 The full resonance measure and two integral kernels

Write χ = 1D. For a momentum quadruple (k0, k1, k2, k3), indices 0, 1 denote the incoming legs and
2, 3 the outgoing legs. We abbreviate φi = φ(ki) and fi = f(ki), and define

dΞD = δ3(k0 + k1 − k2 − k3)δ(|k0|2 + |k1|2 − |k2|2 − |k3|2)
3∏
i=0

χ(ki) dki, (3.1)

∆φ = φ0 + φ1 − φ2 − φ3. (3.2)

The δ distributions here are defined by the coarea formulas below. The four indicator functions jointly
restrict a collision and remain present after variables are eliminated. If f also depends on time and space,
all four values fi = f(t,X, ki) are taken at the same (t,X). Fix k0 = k and set k2 = k + x, k3 =

k + y, k1 = k + x+ y. Then

dΓk =
1

2
δ(x · y)χ(k)χ(k + x)χ(k + y)χ(k + x+ y) dx dy. (3.3)

The momentum constraint is automatic in these coordinates, and the energy difference is 2x · y, which
gives the factor 1/2. A resonant quadruple is therefore a rectangle with vertex k and orthogonal sides x, y.
Relative to the output k0, we call the diagonally opposite vertex k1 the opposite leg, and the neighboring
vertices k2, k3 the adjacent legs. For x 6= 0, the measure is 1

2|x| dx dH2(y)|x⊥ , multiplied by all the
indicators above. No additional atom is assigned to x = 0. The admissible x, y are bounded, and |x|−1 is
locally integrable in three dimensions. This defines a finite positive measure, with dΞD = dk dΓk. The
collision operator is

C(f)0 =
∫

(f1f2f3 + f0f2f3 − f0f1f3 − f0f1f2) dΓk0 . (3.4)

Lemma 3.1 (Boundedness, continuity, and conservation). Each trilinear term in (3.4) maps C(D)3 con-
tinuously intoC(D), with norm bounded byCR; the same norm bound holds onL∞(D). All five moments
satisfy

∫
D ΨC(f) dk = 0. If N = Nθ, then C(N) = 0.

Proof. The coarea formula bounds the absolute value of each term by CR
∏
j ‖fj‖∞

∫
|x|≤CR

|x|−1 dx.
To prove continuity of the output on the closed domain, fix kn, k ∈ D with kn → k. The output indicator
is then identically 1. For almost every x, the point k+x lies on no face of the cube, and x is parallel to no
coordinate axis. On the plane x⊥, each face equation for k+y or k+x+y is a nonconstant affine equation,
so its boundary has zero area. Hence all indicators and continuous factors converge pointwise. Dominated
convergence, first on a fixed bounded planar disc and then against |x|−1 dx, proves continuity. The same
argument applies when the output lies on the boundary; the excluded set of x has zero three-dimensional
measure.
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For positive f , the cubic polynomial equals f0f1f2f3∆(1/f). The full measure is invariant under
exchanges within either pair and under exchange of the two pairs. Thus, for every bounded φ,∫

φC(f) = 1

4

∫ ∏
i

fi∆(1/f)∆φ dΞD.

Taking φ = Ψj gives conservation. This is a polynomial identity, so it also holds for bounded real f : one
may first add a positive constant to f and then compare coefficients. Finally, ∆(N−1) = θ ·∆Ψ = 0.

Take N = Nθ. Writing a perturbation as f = N + Nu, define the collision frequency and the
dissipative operator acting on the relative perturbation u by

νN (k) = N(k)−1

∫
N1N2N3 dΓk, LNu = −N−1DC(N)[Nu]. (3.5)

Its quadratic form is
aN (u, v) =

1

4

∫ ∏
i

Ni∆(u/N)∆(v/N) dΞD. (3.6)

On unweighted L2(D), this is the form of a bounded nonnegative self-adjoint operator, and

LN = νN +K1,N − 2K2,N . (3.7)

The two kernels correspond to integration over the opposite and adjacent legs. Below, k, p ∈ D, and χN
denotes the extension ofN by zero outsideD. Fix k0 = k, k1 = p and putm = (k+p)/2, r = |k−p|/2.
The energy difference is 2(r2 − |k2 − m|2), whose normal derivative on the sphere has magnitude 4r.
Hence

K1,N (k, p) =
|k − p|

8

∫
S2
(χN)(m+ rω)(χN)(m− rω) dω. (3.8)

Fix instead k0 = k, k2 = p, and set x = p− k, k3 = k + z, k1 = p+ z. The energy difference is 2x · z,
so

K2,N (k, p) =
1

2|p− k|

∫
z⊥(p−k)

(χN)(p+ z)(χN)(k + z) dH2(z). (3.9)

Both kernels are nonnegative and symmetric, and

K1,N ≤ C|k − p|, K2,N ≤ C|k − p|−1. (3.10)

Their diagonal values do not affect the integral operators. The two adjacent inputs give the same kernel
K2,N , which accounts for the factor 2 in (3.7). Boundedness follows from the Schur bounds supplied by
(3.10); expanding the full squared difference gives (3.6).

Pair coordinates give another representation of the dissipation. For fixed center V and radius r, the
pair V ±rσ has total momentum 2V and total energy 2(|V |2+r2); only the direction σ varies. A collision
therefore compares two directions at the same center and radius, while the sharp cube cutoff determines
which directions are admissible.

Proposition 3.2 (Variance representation of the full pair sums). For V ∈ R3, r > 0, and σ ∈ S2, set

AV,r(σ) = (χN)(V + rσ)(χN)(V − rσ), ZV,r =

∫
S2
AV,r(σ) dσ.

When AV,r(σ) > 0, define

Hu(V, r, σ) =
u(V + rσ)

N(V + rσ)
+
u(V − rσ)

N(V − rσ)
.
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Set its value to zero in all other directions. If ZV,r > 0, write Hu = Z−1
V,r

∫
AV,rHu dσ; if ZV,r = 0, set

Hu = 0. For bounded u, v,

aN (u, v) =

∫
R3

∫ ∞

0
r3ZV,r

∫
S2
AV,r(σ)(Hu −Hu)(Hv −Hv) dσ dr dV. (3.11)

The same identity extends continuously to the space Hν defined below. In particular, vanishing of the
form requires that, for almost every fixed (V, r), the pair sum arising from the same u be constant over
all admissible directions.

Proof. First eliminate the momentum constraint and write k0 = V + p, k1 = V − p, k2 = V + q, so
that k3 = V − q. The absolute Jacobian determinant of this nine-dimensional transformation is 8, and
the energy constraint is 2(|p|2 − |q|2). Passing to polar coordinates p = rσ, q = sτ and using the energy
constraint to eliminate s gives

dΞD = 2r3
3∏
i=0

χ(ki) dV dr dσ dτ.

The full difference in (3.6) is then Hu(σ) − Hu(τ), and the two angular weights are AV,r(σ)AV,r(τ).
Expanding the product of the two differences gives the cross term (

∫
AHu)(

∫
AHv). Thus

1

2

∫ ∫
A(σ)A(τ)[Hu(σ)−Hu(τ)][Hv(σ)−Hv(τ)] dσ dτ = Z

∫
A(Hu −Hu)(Hv −Hv) dσ.

This proves the coefficient and all cutoff conditions in (3.11). If Z = 0, both sides vanish. The single-
leg marginal gives

∫ ∏
iNi|ui/Ni|2 dΞD =

∫
νN |u|2. Hence both the uncentered pair-sum map and the

map obtained by subtracting its weighted mean are bounded onHν . Approximation by bounded functions
gives the extension; all pair sums and their means are understood as almost-everywhere representatives
for the corresponding measures.

3.2 The precise degeneracy of the corner frequency

Let Z be the set of eight corners and r(k) = minξ∈Z |k − ξ|∞. For η > 0, write

Eη(ξ) = {k ∈ D : |k − ξ|∞ ≤ η}, Eη =
⋃
ξ∈Z

Eη(ξ) = {k ∈ D : r(k) ≤ η}.

Near a corner, use the three coordinate products x(j)y(j) as variables. Their positive and negative densities
can be computed explicitly. The constraint that their sum vanish expresses the frequency as convolutions
for six sign patterns. The squared logarithm below comes from two of the positive product densities.

Proposition 3.3 (The squared-logarithmic corner frequency). There exist r0, c0, C0 > 0 such that, when-
ever 0 < r(k) < r0,

c0r(k)
2 log2

2R

r(k)
≤ νN (k) ≤ C0r(k)

2 log2
2R

r(k)
. (3.12)

The function νN is continuous on the closed cube, and its zero set is exactly Z. In particular, for p ≥ 0,
ν−pN ∈ L1(D) if and only if p ≤ 3/2. These conclusions are uniform on Θ.

Proof. It suffices to compute the unweighted frequency M(k) =
∫

dΓk, since νN � M . At the corner
(R,R,R), set L = 2R, dj = (R−k(j))/L, e = maxj dj , and put x = LX, y = LY . The full admissible
domain in each coordinate is precisely

Pd = {X,Y ∈ [−1 + d, d] : X + Y ∈ [−1 + d, d]}.
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Push forward the area measure of this planar domain under the product t = XY . Denote its density on
the positive half-line by Pd(t), and write its density on the negative half-line asNd(s), with t = −s. They
are, respectively,

Pd(t) = T1−d(t) + Td(t), Tb(t) = log
(b+

√
b2 − 4t)2

4t
10<t<b2/4, (3.13)

Nd(s) = 2 log
d(1− d)

s
10<s<d(1−d), t = −s. (3.14)

The formulas on the right are used only on the intervals specified by the indicators and are defined to
be zero elsewhere; also T0 = N0 = 0. The first formula comes from the two triangles on which the
coordinates have the same sign: solve uv = t, u+v ≤ b and integrate du/u. The mixed-sign quadrant is
exactly 0 ≤ X ≤ d, 0 ≤ −Y ≤ 1− d; its endpoints already satisfy the third indicator, giving the second
formula. There are no atoms on the axes.

For the positive densities extended by zero, define (Pdi ∗Pdl)(s) =
∫ s
0 Pdi(t)Pdl(s− t) dt. When the

three products sum to zero, their signs, outside the null coordinate axes, must be one negative and two
positive, or two negative and one positive. Writing d = (d1, d2, d3), we have M = L4m(d), and the six
sign patterns give

m(d) =
1

2

3∑
j=1

∫ ∞

0
Ndj (s)(Pdi ∗ Pdl)(s) ds

+
1

2

3∑
j=1

∫ ∞

0

∫ ∞

0
Ndi(u)Ndl(v)Pdj (u+ v) du dv, {i, l, j} = {1, 2, 3}. (3.15)

This identity can also be obtained directly in each orthant by the change of variables tj = XjYj . The
absolute integrability bounds below also determine the value of the convolution at zero energy. For e ≤
1/64, Pdj (t) ≤ 2 log(1/t) and Ndj (s) ≤ 2 log(e/s)1s<e. Setting t = sv gives

(Pdi ∗ Pdl)(s) ≤ Cs

∫ 1

0
[log(1/s) + | log v|][log(1/s) + | log(1− v)|] dv ≤ Cs[1 + log(1/s)]2.

The first line of (3.15) is therefore at most Ce2 log2(1/e). In the second line, set u = eu′, v = ev′ and
use log+(1/(u′ + v′)) ≤ min(| logu′|, | log v′|) to obtain the bound Ce2[1 + log(1/e)]. All endpoint
logarithms here are integrable.

For the lower bound, choose dj = e and restrict to s ∈ [e/8, e/4] and t ∈ [s/3, 2s/3]. Then
Ne(s) ≥ c, while the triangle side lengths in the other two coordinates satisfy 1 − di, 1 − dl ≥ 63/64.
Hence T1−di(t), T1−dl(s− t) ≥ c log(1/e). This positive contribution gives ce2 log2(1/e); the boundary
distances in the other two coordinates may vanish. Coordinate reflections handle the remaining corners.

Continuity follows from the same coarea dominated-convergence argument as in Lemma 3.1. At a
noncorner point, at least one coordinate j lies in the open interval. For small s > 0, set x(i) = y(i) =

− sgn(k(i))s for i 6= j (choose either sign when k(i) = 0), and set x(j) =
√
2s, y(j) = −

√
2s. All three

moving legs lie strictly inside the cube, and x · y = 0, x 6= 0. A neighborhood on their resonance surface
has positive measure, so M(k) > 0. At a corner, every coordinate product is nonnegative; only the null
axes can make their sum zero, and the preceding density formula gives M = 0. Compact sets away from
the corners consequently have a uniform positive lower bound. Finally, a corner shell has volume 3r2 dr,
so integrability of the inverse frequency is equivalent to that of∫ r0

0
r2−2p log−2p(2R/r) dr.

At the critical exponent p = 3/2, this is
∫

dr/[r log3(2R/r)], which still converges; it diverges for larger
p.
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From now on, fix n∗ = (1 + |k|2)−1 and ν∗ = νn∗ , and write Hν = L2(D, ν∗ dk). On compact
parameter families, νN � ν∗. This weight is dictated by the fact that each single-leg squared integral in
the four-leg collision difference is exactly

∫
D νN |u|

2 dk. Dissipation therefore naturally controls the Hν

norm, whereas the vanishing frequency permits unweighted L2 mass to concentrate at the corners; see
Corollary 3.7.

3.3 The five collision invariants and weighted coercivity

Lemma 3.4 (The five-dimensional space of collision invariants). Ifφ ∈ L2
loc(D

◦) and∆φ = 0ΞD-almost
everywhere, then φ(k) = a+ b · k + c|k|2 almost everywhere.

Proof. The pair representation in Proposition 3.2 shows that a vanishing difference requires the pair sum
to be constant over admissible directions for almost every fixed (V, r). These pair sums, for different
(V, r), all come from the same function φ. In any strictly smaller concentric cube, translate all four legs
together and convolve in the translation parameter. The momentum and quadratic-energy constraints
are preserved under a common translation. Thus the smoothed function φδ still satisfies the collision
relation, provided the four test legs remain in a slightly smaller cube. This operation is legitimate for the
almost-everywhere relation with respect to the resonance measure: write the legs as V + rσ, V − rσ, V +

rτ, V − rτ . Their measure is 2r3 dV dr dσ dτ , whose density is strictly positive for r > 0. Fubini gives
the almost-everywhere relation after common-translation convolution, and smoothness then gives it for
every admissible V, r, σ, τ . Hence

φδ(V + rσ) + φδ(V − rσ) = φδ(V + rτ) + φδ(V − rτ).

Fix any interior points x, y and write V = (x+ y)/2, v = (x− y)/2. Rotate v in any coordinate plane,
keeping |v| fixed, and differentiate the pair identity at zero rotation. This yields

[∂iφδ(x)− ∂iφδ(y)](x
(j) − y(j)) = [∂jφδ(x)− ∂jφδ(y)](x

(i) − y(i)).

These identities constrain the same gradient field simultaneously. Choose the origin and three nearby
points on the coordinate axes. First compare increments between the axis points, then compare any xwith
the origin and each axis point. This gives a single constant λ such that ∇φδ(x) = b+λx. Integration over
the convex smaller cube gives the stated five-dimensional family of quadratic polynomials; only first-order
differentiability is used here.

Finally, take normalized smooth convolution kernels whose support radii tend to zero with a fixed ratio
of inner to outer radii. The Lebesgue differentiation theorem gives pointwise convergence on a single set
of full measure. Equip the function space on this set with the topology of pointwise convergence. The
restrictions of the five-dimensional polynomial family still form a finite-dimensional subspace, which is
closed in this Hausdorff topological vector space. The limit on every smaller cube therefore remains in
that family. If two polynomials agree almost everywhere on a nonempty open cube, continuity makes
them equal everywhere there, and all their coefficients agree. Exhaust D◦ by countably many smaller
cubes and use the Lebesgue-null boundary to obtain one set of coefficients on the full domain. The same
smoothing and limiting argument applies to locally integrable functions.

Lemma 3.5 (Weighted compactness). Define the weighted kernels

K̃i,N (k, p) = νN (k)
−1/2Ki,N (k, p)νN (p)

−1/2, i = 1, 2.

Both are Hilbert–Schmidt kernels, uniformly on Θ.
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Proof. By (3.10), it suffices to prove
∫∫

ν−1
∗ (k)ν−1

∗ (p)|k− p|−2 dk dp <∞. Choose r0 > 0 sufficiently
small as in Proposition 3.3, and set rj = r02

−j . For j ≥ 1, combine the shells of equal depth at all eight
corners:

Aj = {k ∈ D : rj+1 < r(k) ≤ rj}, A0 = {k ∈ D : r(k) > r1}.

These sets partition the cube apart from its corners, and the closure of A0 stays away from the corners.
Write aj = log−2(2R/rj). Proposition 3.3 and the corner-layer volume give

|Aj | ≤ Cr3j , sup
Aj

ν−1
∗ ≤ Cajr

−2
j , aj � (1 + j)−2.

After enlarging the constants, the zeroth layer satisfies the same bounds. For any measurable set with
|A| ≤ Cr3, split the integral into |k − p| < r and its complement. Three-dimensional polar coordinates
give directly

sup
k

∫
A
|k − p|−2 dp ≤ |S2|r + r−2|A| ≤ C ′r.

Thus, when rl ≤ rj , integration first over Aj and then over Al gives∫
Al

∫
Aj

dk dp
ν∗(k)ν∗(p)|k − p|2

≤ Cajal
rl
rj

≤ Cajal.

Treat the reverse order symmetrically and use
∑

j aj < ∞. This controls every pair of layers, including
neighboring layers, layers at different corners, and the interior region. The corners form a null set and do
not affect the integrals.

The null-space classification and weighted compactness together yield a positive lower bound on the
complement of the five-dimensional null space. Two notions of orthogonality must be distinguished:
dissipation first controls the weighted distance to the null space, whereas the microscopic constraint uses
the unweighted L2 projection. We prove both statements and their relation.

Proposition 3.6 (Coercivity with a degenerate weight). The form (3.6) is defined for every u ∈ Hν , and

aN (u, u) ≥ cΘ inf
ψ∈span{NΨ}

‖u− ψ‖2Hν
. (3.16)

Let PN be the orthogonal projection in unweighted L2(D) onto span{NΨ}, and letQN = I −PN . This
projection extends to Hν , and

PNu = 0 =⇒ cΘ‖u‖2Hν
≤ aN (u, u) ≤ CΘ‖u‖2Hν

. (3.17)

Proof. Four-leg symmetry gives each single-leg integral as
∫ ∏

Ni|ui/Ni|2 dΞD =
∫
νN |u|2. Every

single-leg marginal is absolutely continuous with respect to volume. Thus the volume almost-everywhere
class of u determines its value on each leg, without assigning additional traces on boundaries or diagonals.
The form is therefore defined on all of Hν and is bounded above by 4

∫
νN |u|2. Put v =

√
νNu. The

full difference defines a bounded operator Rv = 1
2∆(ν

−1/2
N v/N) with values in L2(

∏
iNi dΞD), whose

squared norm is the form. First expand for bounded u supported away from the corners, then pass to the
limit in Hν . Lemma 3.5 gives

R∗R = I + K̃1,N − 2K̃2,N .

By Lemma 3.4, a zero form implies u ∈ span{NΨ}. Indeed, u ∈ Hν belongs to L2 on every smaller
cube, which suffices for that lemma; no global unweighted L2 assumption is made. If there were no
positive lower bound on the orthogonal complement of √νN span{NΨ}, choose unit vectors vj whose
form tends to zero. The bounded nonnegative operator T = R∗R satisfies ‖Tvj‖2 ≤ ‖T‖〈Tvj , vj〉 → 0.
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Compactness of T − I gives a strongly convergent subsequence of vj = Tvj − (T − I)vj . Its limit is a
nonzero vector both in the null space and orthogonal to it, a contradiction.

For uniformity in the parameter, put z = n∗u/N . Then ∆(z/n∗) = ∆(u/N), and comparison of the
positive weights bounds aN (u, u) below by a constant multiple of an∗(z, z). Multiplication by N/n∗ is
uniformly bounded in both directions and identifies the two null spaces exactly. The constant in (3.16) is
consequently uniform. Write κN = NΨ for the column vector of the five natural zero modes. With ej
the jth standard basis vector of R5, choose the real orthonormal basis

MN =

∫
D
N2ΨΨT dk, κj(k) = N(k)Ψ(k)TM

−1/2
N ej , 1 ≤ j ≤ 5.

The matrix MN is strictly positive definite, with a positive lower bound for its smallest eigenvalue on
compact parameter sets. The basis therefore depends smoothly on the parameter, and it and its parameter
derivatives of every fixed order are uniformly bounded. Since κj/

√
ν∗ ∈ L2, the projection PN is uni-

formly bounded on Hν . If PNu = 0 and ψ is the best weighted approximation from the null space, then
ψ = −PN (u− ψ). Hence ‖u‖Hν ≤ C‖u− ψ‖Hν , proving the final assertion.

Corollary 3.7 (Absence of an unweighted spectral gap). The collision operator has no strictly positive
unweighted spectral gap on QNL2(D).

Proof. Take an L2-normalized function gη supported in a radius-η neighborhood of one corner. This
neighborhood has volume O(η3), and the null-space basis is bounded, so ‖PNgη‖2 ≤ Cη3/2. Moreover,

aN (QNgη, QNgη) = aN (gη, gη) ≤ C sup
Eη

ν∗ −→ 0, ‖QNgη‖2 −→ 1.

This is the required microscopic unit sequence with vanishing dissipation.

3.4 Absolute row estimates and the continuous weighted inverse

Write KN = K1,N − 2K2,N and Ka,N = K1,N + 2K2,N .

Proposition 3.8 (Row bounds, squared-row bounds, and vanishing at corners). Uniformly in the param-
eter, ∫

Ka,N (k, p) dp ≤ Cν∗(k), (3.18)∫
Ka,N (k, p)

2 dp ≤ C
√
ν∗(k), (3.19)

sup
k

∫
Ka,N (k, p)

ν∗(p)
dp ≤ C. (3.20)

The weighted row k 7→ Ki,N (k, ·)/ν∗(·) is continuous in L1(D), and

sup
θ∈Θ, k∈Eη

∫
Ka,N (k, p)

ν∗(p)
dp =: ψ(η) −→ 0. (3.21)

Proof. Each kernel satisfies
∫
N(p)Ki,N (k, p) dp = N(k)νN (k), so (3.18) retains the frequency factor.

For the squared-row bound, (3.10) gives Cρ on |k − p| ≤ ρ; outside this set, one pointwise kernel
bound and (3.18) give Cν∗(k)(1 + ρ−1). Take ρ �

√
ν∗(k), capped at a fixed radius. At the corners,

nonnegativity and zero frequency make the rows exactly zero.
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Near a corner ξ, write r = |p− ξ| and L(r) = log(CR/r). The key estimate is the uniform Newton-
potential tail bound

sup
k∈D

∫
|p−ξ|<η

1 + |k − p|−1

ν∗(p)
dp ≤ C

L(η)
. (3.22)

Set ρ = |k − ξ|. If ρ > 2η, use the lower bound on the distance and
∫
r<η ν

−1
∗ ≤ Cη/L(η)2. For

0 < ρ ≤ 2η, split into r < ρ/2, ρ/2 ≤ r ≤ 2ρ, and 2ρ < r < η. The first two contributions are
each bounded by C/L(ρ)2, and the last by C

∫ η
2ρ dr/[rL(r)2]. For ρ = 0, integrate directly down to zero.

Away from the corners, the inverse frequency is bounded, proving (3.20); the remaining contribution from
a small diagonal ball is Cρ2.

The spherical formula for K1 is continuous off the diagonal, and its linear upper bound gives contin-
uous vanishing on the diagonal. For K2, fix an output k0 and exclude the three lines p ∈ k0 + Rej and
the point p = k0 from the input variable. Near any remaining p, orthonormal coordinates for (p − k)⊥

can be chosen continuously. The preimage of each cutoff face is either a line in the plane or the empty
set, and therefore has zero area. Dominated convergence thus gives kernel continuity for each such fixed
p. The excluded input set has zero three-dimensional measure. First remove corner inputs using (3.22),
then remove a small diagonal ball, and finally use the same bounded majorant on the remaining domain.
This proves continuity of the entire row in L1, including outputs on faces, edges, and corners. Point-
wise continuity of kernel values is used only for inputs outside the specified null set. Compactness of
the closed domain and parameter set gives uniform continuity. Since the corner rows themselves vanish,
(3.21) follows.

Use the Banach spaces

X = L∞(D), Y = {u : ν∗u ∈ L∞(D)}, ‖u‖Y = ‖ν∗u‖∞.

Functions are understood as almost-everywhere equivalence classes; membership in Y does not presup-
pose unweighted L2 integrability. Since ν−1

∗ ∈ L1, Y ⊂ Hν ∩ L1(D), so PN remains defined on these
functions. The weight allows solutions to grow near the corners; the uniformly controlled quantity in the
equation is ν∗u. This is the space used for the cell problem LNu = F below.

Proposition 3.9 (The normalized weighted inverse). For F ∈ QNX , there is a unique normalized solu-
tion u ∈ QNY of LNu = F , and

‖u‖Y + aN (u, u)
1/2 ≤ C‖F‖∞. (3.23)

If F is continuous, νNu has a continuous representative. The following absolute row bound also holds:

ess sup
k∈D

N(k)

∫
N1N2N3|∆(u/N)| dΓk ≤ C‖F‖∞. (3.24)

Here u is an almost-everywhere equivalence class in the weighted space. The continuity assertion speci-
fies only a representative of νNu, not corner values for u itself.

Proof. Absorb the diagonal multiplication into the unknown to write the equation as the identity plus a
compact operator. The five-dimensional conservation null space corresponds to five compatibility condi-
tions. A finite-rank term removes that null space; after inversion, its contribution vanishes for microscopic
right-hand sides. Set v = νNu and JNv = KN (ν

−1
N v). Proposition 3.8 and the Arzelà–Ascoli theorem

show that JN : X → C(D) is compact. We first identify the integral operator with the weighted form.
For u ∈ Y and bounded h, the symmetric absolute kernel satisfies∫∫

Ka,N (k, p)|u(p)h(k)| dk dp ≤ C‖h‖∞
∫
ν∗|u| dp <∞.
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Truncate u both near the corners and in amplitude. The resulting un converge to u in Hν , and
∫
ν∗|un −

u| → 0. Continuity of the form, the absolute integral bound above, and dominated convergence for the
diagonal term give

aN (u, h) =

∫
D
(νNu+KNu)h dk.

This passage to the limit requires only convergence of the pairings, not νNun → νNu in L∞. If (I +

JN )v = 0, then u = v/νN ∈ Hν ∩ L1, and the identity gives aN (u, h) = 0 for all bounded tests.
Their density in Hν implies u ∈ span{NΨ}. Conversely, these null vectors clearly give zero. Thus
ker(I + JN ) = νN span{NΨ} has dimension five.

Using the basis κj defined above, set

AN,0v = (I + JN )v +

5∑
j=1

κj

∫
κj

v

νN
dk.

The symmetric kernel satisfies KNκj = −νNκj , so
∫
κj(I + JN )v = 0. The absolute row bounds

justify these exchanges of integration. If AN,0v = 0, first pair with each κj to show that all normalization
integrals vanish, then use the five-dimensional null-space description to obtain v = 0. This operator
is the identity plus a compact operator, so the Fredholm alternative gives a bounded inverse. One can
also reduce this directly to finite-dimensional linear algebra: the compact image of the kernel operator is
equicontinuous in C(D), and a finite partition of unity approximates it in operator norm by finite-rank
operators. Absorb the small remainder into an invertible identity-plus-small operator. For the remaining
identity-plus-finite-rank operator, injectivity is equivalent to surjectivity. The proof applies both to C(D)

and to X , since null vectors are automatically continuous; it does not use norm density of C(D) in L∞.
For microscopic F , every normalization integral of the solution vanishes automatically, and the solution
satisfies the unmodified equation. Its energy equals

∫
Fu, so ν−1

N ∈ L1 gives (3.23). Estimating all four
terms separately yields

N(k)

∫
N1N2N3|∆(u/N)| dΓk ≤ N(k)

(
νN (k)|u(k)|+

∫
Ka,N (k, p)|u(p)| dp

)
,

which proves (3.24). Uniformity in the parameter will be established in the next proof.

Proposition 3.10 (A uniform resolvent bound). For s ≥ 1, the collision operator satisfies

‖(I + sLN )
−1F‖X + s‖(I + sLN )

−1F‖Y ≤ C‖F‖X , F ∈ QNX . (3.25)

Continuous inputs give continuous outputs.

Proof. For 0 ≤ z ≤ 1, define

AN,zv = v +KN
v

νN + z
+

∑
j

κj

∫
κj

v

νN + z
dk.

Each is the identity plus a compact operator. Operator-norm continuity at z = 0 follows from (3.22): first
remove corner inputs uniformly, after which z/(νN+z) tends to zero uniformly on the remaining domain.
For the finite-rank part, use ν−1

N ∈ L1. Parameter derivatives of each fixed order satisfy |∂αθ νN | ≤ Cαν∗
and |∂αθKN | ≤ CαKa,n∗ , which also gives operator-norm continuity in the parameter.

For z > 0, if AN,zv = 0, pairing with κj gives (1 + z)
∫
κjv/(νN + z) = 0. Consequently

u = v/(νN + z) satisfies (z + LN )u = 0. It belongs to L2, and nonnegativity forces u = 0. The
null space at z = 0 was already excluded in Proposition 3.9. The inverse norms are therefore uniformly
bounded on the compact set Θ× [0, 1]. This also proves uniformity in (3.23).
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For microscopic F , solve AN,zv = F . The same pairings make the finite-rank term vanish. Thus
(z + LN )

−1F = v/(νN + z), with unweighted norm at most Cz−1‖F‖∞ and weighted norm at most
C‖F‖∞. Set z = 1/s and multiply by z to obtain the assertion. Continuity follows from the same inverse
construction on C(D); there is no need to treat the unbounded multiplier ν−1

N as a bounded similarity
transformation.

Under parameter differentiation, the spaceQNX moves withN . The following change of coordinates
identifies all five-dimensional null spaces with a fixed reference null space, so that subsequent derivatives
can be taken on fixed Banach spaces.

Lemma 3.11 (Parameter coordinates with a fixed five-dimensional null space). There is a real unitary
operator UN on L2 satisfying UNP∗ = PNUN , where P∗ = Pn∗ andQ∗ = I−P∗. The operator UN −I
has finite rank, and UN , U∗

N and their parameter derivatives of every fixed order are uniformly bounded
on X ,Y,Hν . Set L̃N = U∗

NLNUN . Its null space is fixed, and all parameter derivatives of fixed order
map Y boundedly into X .

Proof. The overlap Gram matrix of the two null spaces is
∫
Nn∗ΨΨT , which is strictly positive definite.

Their largest principal angle is therefore strictly less than π/2, and on the compact parameter set ‖PN −
P∗‖ ≤ r < 1. Let E = PN − P∗ and choose

UN =
[
(I − PN )(I − P∗) + PNP∗

]
(I − E2)−1/2.

Projection algebra gives T ∗T = TT ∗ = I −E2 for the first factor T , as well as TP∗ = PNT ; moreover,
E2 commutes with both projections. The displayed operator is therefore unitary and has the required
intertwining property. For uniform bounds on the different spaces, express PN by its five-dimensional
Gram formula. The integral kernels of its parameter derivatives are finite sums of tensor products of
uniformly bounded functions. Since ν−1

∗ ∈ L1, for E = X ,Y,Hν and every fixed multi-index α, the
maps

∂αθ E : E −→ L2, ∂αθ E : L2 −→ X

are uniformly bounded. These estimates require no inversion of the combined generating family
{NΨ, n∗Ψ}. Set

h(z) =
(1− z)−1/2 − 1

z
, h(0) =

1

2
.

On L2, ‖E2‖ ≤ r2 < 1, so the power series for h(E2) and all its parameter derivatives of fixed order
converge uniformly in operator norm. The identity

(I − E2)−1/2 − I = E h(E2)E

together with the two endpoint mappings above shows that the nonidentity part of the inverse square root
and its parameter derivatives are uniformly bounded from each E toX . SinceX embeds continuously into
all three spaces and T − I has the same kind of finite-rank integral kernel, UN , U∗

N and all the specified
parameter derivatives have the asserted bounds. Their nonidentity parts have finite rank, and the estimates
remain valid as N approaches n∗. Finally, LN and its parameter derivatives are bounded from Y to X :
for the diagonal term use |∂ανN | ≤ Cν∗, and for the remaining terms use (3.20). The Leibniz rule gives
the assertion for the conjugated operator.

Lemma 3.12 (Two-norm estimates for the cubic remainder). Write

N−1C(N(1 + q)) = −LNq +RN (q).
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Then PNRN (q) = 0. If ‖qi‖X ≤ κ ≤ 1,

‖RN (q)‖X ≤ Cκ‖q‖Y ,
‖RN (q1)−RN (q2)‖X ≤ Cκ‖q1 − q2‖Y . (3.26)

In each term of the second and third state derivatives and of parameter derivatives of any fixed order,
exactly one input may be placed in Y , with the others in X , with uniform constants.

Proof. Each remainder term is a product of two or three function values on the same quadruple. Place
only one input in the weighted space Y and bound the others in the unweighted supremum norm. The
remaining integral is controlled precisely by the diagonal frequency or by one of the two absolute row
bounds. Let (s0, s1, s2, s3) = (1, 1,−1,−1). Expand the four cubic monomials term by term. The
constant terms cancel because

∑
i si/Ni = 0, and the linear terms satisfy∑

i

si
Ni

∑
j ̸=i

qj = −∆(q/N).

Thus the linear part is exactly −LNq. All terms in the remainder can be written as

RN (q)0 =

∫
N1N2N3

3∑
i=0

si
Ni

∑
j<l
j,l ̸=i

qjql +
∏
j ̸=i

qj

 dΓk0 .

There are twelve quadratic terms and four cubic terms, all retaining the four-leg indicators. In any term,
designate one input vj and bound the other inputs in the unweighted supremum norm. Since Nj/Ni is
uniformly bounded, the remaining absolute integral is at most a constant multiple of

νN (k0)|v0(k0)|, j = 0,∫
K1,N (k0, p)|v1(p)| dp, j = 1,∫
K2,N (k0, p)|vj(p)| dp, j = 2, 3.

This gives the bound from a Y input to a X output for each position in the product. Expand a difference by
changing one factor at a time. Exactly one factor is the difference of the two states; designate it as vj . At
least one remaining input contributes a factor κ. The two stated estimates follow from (3.20). Parameter
derivatives act only on the weightsN and the output factorN−1, not on the cutoff indicators, so the same
proof applies at every fixed order. Finally, five-moment conservation gives the microscopic range. No
product bound Y × Y → X is used.

3.5 Linearization and spatial products in a thin corner layer

We now allow the distribution to differ from N by a finite amplitude inside the corner layer, requiring
closeness toN only outside it. To control the sign of the linearization, we first estimate, for a fixed output,
the conditional mass of the other legs entering a corner layer. Opposite and adjacent legs play different
geometric roles and must be treated separately.

Lemma 3.13 (Conditional corner-layer mass by leg position). There exist ρ0, C > 0, depending only on
R, such that, for 0 < η ≤ ρ0 and all k ∈ D,∫

1k1∈Eη dΓk ≤ CηM(k). (3.27)
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For each corner ξ, if k ∈ Eρ0(ξ), then, for i = 2, 3,∫
1ki∈Eη\Eη(ξ) dΓk ≤ CηM(k). (3.28)

No small conditional-mass assertion is made when an adjacent leg and the output lie in the same corner
layer.

Proof. Choose ρ0 sufficiently small that the corresponding dimensionless corner depth lies in the range
of Proposition 3.3, and that an input at a different corner has one coordinate uniformly separated from
zero. This neighborhood is fixed before η is chosen. Use the scaling in (3.13)–(3.15), and denote the
output corner depth by d = max dj . On resonance, each |X(j)Y (j)| ≤ 2d. First observe that if the
product density of any one coordinate is bounded by B in this range, while the other two densities are
unchanged, the sum of all six contributions is at most CBd2[1+ log(1/d)]2. If the designated coordinate
is the sole negative one, use directly B

∫ 2d
0 s[1 + log(1/s)]2 ds. If it is positive, first integrate the other

positive coordinate to obtain Cs[1 + log(1/s)], then integrate against the negative density log(d/s). For
the two-negative patterns, divide both negative variables by d; the resulting endpoint terms contain only
integrable logarithms. This proves the uniform bounded-density replacement estimate.

If an adjacent input lies at a different corner, one coordinate X or Y lies in a far-end strip of width
η and has absolute value bounded below by a fixed positive constant. The product density of this strip is
bounded by

∫
strip dX/|X| ≤ Cη; the third indicator can only shrink the domain. Divide the replacement

estimate by M(k) ≥ cd2[1 + log(1/d)]2 to obtain (3.28).
For the opposite leg, when the output has distance at least η from every corner, the spherical kernel is

uniformly bounded. The input corner layer has volumeO(η3) andM(k) ≥ cη2, giving Cη. If the output
corner depth satisfies d ≤ η, distinguish the input corners. An opposite leg at the same corner forces both
adjacent legs, by momentum conservation and all the indicators, into a cube of side 2η at that corner. Its
linear scale is 2η, and the dimensionless output corner depth within it is d/(2η). The six-dimensional
volume and the quadratic-energy δ distribution together scale by (2η)4. Apply the unweighted version
of Proposition 3.3, absorbing the upper bound on compact sets away from corners into the constant. Its
upper bound then applies throughout 0 < d/(2η) ≤ 1/2 and bounds the frequency of this small cube by
Cη2d2[1 + log(η/d)]2. Dividing by the full frequency gives O(η2). If the opposite leg is at a different
corner, one coordinate X + Y lies in a far-end strip of width η. In the quadrant where both coordinates
are negative, set s = −X − Y, t = XY . Then s ≥ c > 0, |t| ≤ 2d, and the root separation

√
s2 − 4t is

uniformly nonzero. In a mixed-sign quadrant, the root separation is
√
s2 + 4|t|. The product density is

therefore at most Cη, and the replacement estimate applies again. At the corners themselves, every row
vanishes, so no division by zero frequency is needed.

Proposition 3.14 (Linearized coercivity under two-sided bounds in the corner layer). Fix 0 < a ≤ 1 ≤
b <∞. There exist κ0, η0, γ > 0 such that, if

a ≤ f/N ≤ b, |f/N − 1| ≤ κ on D \ Eη, κ ≤ κ0, η ≤ η0,

then, for every h ∈ L2(D) with PNh = 0,

Re
〈
h,−N−1DC(f)[Nh]

〉
≥ γ‖h‖2Hν

. (3.29)

Moreover, the full operator can be written as νf +Kf , with

cνN ≤ νf ≤ CνN (D \ Z), |Kf (k, p)| ≤ CKa,N (k, p),

∫
|Kf (k, p)|2 dp ≤ C

√
ν∗(k).
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This quadratic form also extends continuously toHν , and the inequality remains valid there. Its diagonal
term is the integral of νf |h|2, and its off-diagonal term is defined by the bounded form of the weighted
kernel. Equivalently, it is the limit obtained by approximating with bounded functions in Hν; a function
belonging only toHν is not treated directly as both entries of an unweightedL2 inner product. The corner
rows remain zero. All bounds also hold after averaging DC between positive states satisfying the same
conditions. The statement retains the full gain and loss terms and does not require the right null space
for general f to remain NΨ.

Proof. There are three steps. Conditional-mass estimates first preserve a positive lower bound for the di-
agonal frequency. The off-diagonal part is then treated as a small perturbation of the compact equilibrium
kernel. Finally, weak convergence separates the mass of the limit from mass that may concentrate at the
corners. The diagonal coefficient is

νf (k0) =

∫
a0 dΓk0 , a0 = f1f3 + f1f2 − f2f3 = f1f3 + f2(f1 − f3).

An individual a0 may change sign. Set r =
√
η and take η sufficiently small that 4r ≤ ρ0, with ρ0

from Lemma 3.13. When the output is at least distance r from the corners, the spherical and planar
kernels, together with M(k) ≥ cr2, bound the conditional mass of each corner-layer input by Cη3/r3.
Consequently νf/νN = 1 + O(κ + η3/r3). When the output is within distance r of ξ, mark the part
where k1 ∈ E4r or an adjacent input lies at another corner. Lemma 3.13 bounds its conditional mass by
O(r + η). On the complement there is at most one bad nonoutput leg, and it can only be an adjacent leg
at the same corner: two such adjacent bad legs would force the opposite leg into E4r. If the bad leg is k2,
the other two lie outside the layer, and |k1 − k3| = |k2 − k0| ≤ C(r + η). Thus |f1 − f3| ≤ C(κ + r)

and a0 ≥ N2
− − Cb(κ+ r). Exchange the roles if the bad leg is k3; when there is no bad leg, use the RJ

identity. On the marked part, use only the fixed absolute upper bound. This gives

0 < cνN ≤ νf ≤ CνN on D \ Z. (3.30)

Moreover, as κ, η → 0, νf/νN → 1 almost everywhere.
The other three coefficients are

a1 = f0f3 + f0f2 − f2f3, a2 = f1f3 + f0f3 − f0f1, a3 = f1f2 + f0f2 − f0f1,

and enter the kernel with signs +a1,−a2,−a3 and the corresponding factors Ni/N0. The fixed posi-
tive two-sided bounds control their absolute values by Ka,N , and the squared-row bound follows from
Proposition 3.8. Denote the resulting off-diagonal kernel by Kf . Subtract the equilibrium value of each
coefficient one factor at a time. Terms outside the corner layer giveCκ times the weighted absolute kernel.
If the bad factor is a fixed input or output, the resulting operator contains χEηK̃i,N or K̃i,NχEη , whose
Hilbert–Schmidt norm tends to zero. If the bad factor is on an unfixed leg, retain its indicator inside the
spherical or planar fiber. For almost every pair of fixed legs, the fiber area of this indicator tends to zero;
the exceptions are only degenerate diagonals or coordinate lines. The weighted Hilbert–Schmidt kernel
provides a majorant, so another application of dominated convergence gives

‖ν−1/2
N (Kf −KN )ν

−1/2
N ‖2→2 ≤ Cκ+ oη→0(1).

All errors are uniform on compact parameter sets.
It remains to exclude escape of mass into the corners. If the conclusion failed, choose κj , ηj → 0 and

unit vectors vj =
√
νNjhj , with PNjhj = 0, for which the left-hand side tends to zero or is negative. Pass

to a subsequence withNj → N and vj ⇀ v. The dual null-space vectors κNj/
√
νNj converge strongly in

L2, so v still satisfies the weighted microscopic constraint. Compactness gives convergence of the kernel
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quadratic forms. Set αj = νfj/νNj . Since αj ≥ a∗ > 0, the sequence is uniformly bounded, and αj → 1

almost everywhere,

lim inf
∫
αj |vj |2 ≥ ‖v‖22 + a∗(1− ‖v‖22).

This follows by expanding vj = v+(vj−v) and applying dominated convergence and weak convergence.
Proposition 3.6 therefore bounds the limiting energy below by c‖v‖22+a∗(1−‖v‖22) > 0, a contradiction.

Finally, consider the products arising when the collision operator is differentiated in space. Apply
spatial interpolation to each fixed momentum quadruple before integrating over the resonance measure.
The same measure retains the correlations between the legs; the required momentum estimates reduce to
its single-leg marginals and two-leg conditional averages.

Lemma 3.15 (Third-order products on the same four legs). Set dµ∗ =
∏
i n∗(ki) dΞD and dm∗(k) =

n2∗ν∗ dk. Every leg has marginalm∗. For i 6= j, the conditional averaging operator Pij is determined by∫
D
g(k)(Pijh)(k) dm∗(k) =

∫
g(ki)h(kj) dµ∗

for all bounded g, h. It is a positive contraction on each Lp(m∗); set

ωη = max
i ̸=j

‖χEηPijχEη‖2→2 −→ 0.

Suppose that a real function e on T3
X × D satisfies |e| ≤ K0 everywhere and |e| ≤ κ ≤ 1 outside the

layer. For l = 2, 3, if the total spatial derivative order is l and at least two distinct e legs carry derivatives
of positive order, then every product of two or three factors satisfies∥∥∥∥∥∥

∏
j

∂
βj
X e(X, kij )

∥∥∥∥∥∥
L2
XL

2(µ∗)

≤ CK0(κ
1/3 + ω1/3

η )‖e‖Hl
XHν

. (3.31)

No statistical independence of the legs is assumed. General products of total order l ≤ 3 satisfy the
bound CK0‖e‖Hl

XHν
without a small coefficient. If the total order is at most three and at least one factor

is a derivative of a parameter error a(X), then, in the range ‖a‖H3
X
≤ A0, the corresponding product of

scalar and Hilbert-valued functions is bounded by CA0‖a‖H3
X
‖e‖H3

XHν
. The remaining coefficients are

bounded derivatives of fixed finite order of prescribed functions, or bounded zeroth-order factors e.

Proof. Equality of the four marginals gives the positive contraction property. Its unitary representation
on L2(m∗) is exactly ν−1/2

∗ Kiν
−1/2
∗ , so Lemma 3.5 implies that the corner-restricted norm tends to zero.

Interpolation with the L1, L∞ contractions gives

‖χEηPijχEη‖p→p ≤ ω2min(1/p,1−1/p)
η .

For a periodic function at fixed momentum, integration by parts and Hölder’s inequality give

‖∇e‖24 ≤ C‖e‖∞‖D2e‖2, ‖∇e‖26 ≤ C‖e‖∞‖D2e‖3, ‖D2e‖23 ≤ C‖∇e‖6‖D3e‖2.

Eliminating between the last two inequalities yields ‖∂je‖6/j ≤ C‖e‖1−j/3∞ ‖e‖j/3
H3 for j = 1, 2; the

second-order estimate is similar. At zeros of the Hessian norm, one may first regularize the square root
and then pass to the limit.

Apply these estimates in X for a fixed momentum quadruple, and then apply Hölder’s inequality on
the same measure µ∗. For the third-order distribution 2+1, the squared integral leaves F 2/3

i F
1/3
j , where
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Fi = ‖e(·, ki)‖2H3 . If a differentiated leg lies outside the layer, its small amplitude supplies at least κ1/3.
If both legs lie inside the layer, the conditional-average bound at p = 3 or 3/2 supplies ω2/3

η in the squared
integral. For the third-order distribution 1 + 1 + 1, write χi = 1Eη(ki) and use∫

χiχjχkF
1/3
i F

1/3
j F

1/3
k dµ∗ ≤

(∫
χiχj

√
FiFj dµ∗

)2/3(∫
χkFk dµ∗

)1/3

,

followed by the L2 corner-restricted bound for the two-leg conditional average. Taking square roots gives
the asserted exponent 1/3 in both cases. The second-order distribution 1+ 1 gives the stronger exponent
1/2; zeroth-order legs are bounded by K0. Without corner restrictions, the same calculation using only
contraction gives the general Moser bound.

Finally, abbreviate spatial derivatives of total order j by aj , ej ; these subscripts denote derivative
order, not collision legs. The highest-order distributions are a3e0, a2e1, a1e2. Use, respectively, L2

X ×
L∞
XHν , L6

X × L3
XHν , and L∞

X × L2
XHν . If an additional e leg occurs, first use its zeroth-order bound

or the same lower-order four-leg Moser estimate; for example, a1e1e1 is controlled by a1 ∈ L∞ and the
second-order product bound. Multiple parameter derivatives are treated by the same distributions of total
order at most three. The entire proof uses only H3

XHν and the joint zeroth-order amplitude bound, not
supkH3

X or H3
XL

∞
k .

4 The macroscopic limit for positive Rayleigh–Jeans data on a smooth
Euler interval

We consider the four-wave collision operator C defined in the preceding section, with spatial domain
T3 = (R/2πZ)3 and velocity v(k) = 2k. Writing ε = 4π/c for the equivalent small parameter, set

Ψ(k) = (1, k(1), k(2), k(3), |k|2)T, T = ∂t + v(k) · ∇X , c =
4π

ε
.

All momentum integrals are over D = [−R,R]3. We prove that, for positive local Rayleigh–Jeans initial
data, the strong-collision equation has a solution throughout any prescribed interval of smooth positive
Euler existence, and we obtain convergence rates for both the macroscopic parameters and the distribu-
tion. The collision frequency vanishes at the corners, so the proof treats both the usual dissipative region
and the corner layers that retain a free-transport trace. Here vj(k) = 2k(j); the subscript in ki is reserved
for the ith collision leg. The proof is organized around the five moments of the same evolving distribution.
The exact entropy decomposition first identifies the moment-matched Rayleigh–Jeans equilibrium and the
microscopic deviation; a third-order energy with a nonlinear corrector and a corner comparison then con-
trol the original initial-value problem. The main result is Theorem 4.3: the distribution error isO(c−3/4),
whereas the second-order Sobolev error of the macroscopic parameters is O(c−1). We first construct a
local solution and the nonlinear corrector, establish the joint energy and corner positivity estimates, and
then use a first-exit argument to reach the prescribed Euler interval.

4.1 Five-moment parameters and the symmetric hyperbolic system

Define the positive parameter domain and its associated distributions by

O = {θ ∈ R5 : min
k∈D

θ ·Ψ(k) > 0}, Nθ(k) =
1

θ ·Ψ(k)
. (4.1)
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The set O is open and convex. Set

U(θ) =

∫
D
ΨNθ dk, Fj(θ) =

∫
D
vjΨNθ dk, (4.2)

M(θ) =

∫
D
N2
θΨΨT dk, Jj(θ) =

∫
D
vjN

2
θΨΨT dk. (4.3)

Direct differentiation gives DU = −M and DFj = −Jj . Every nonzero coefficient vector defines a
nonzero polynomial b ·Ψ, so M is positive definite; each Jj is real symmetric. For θ, ϑ ∈ O,

(θ − ϑ) · [U(θ)− U(ϑ)] = −
∫
D

[(θ − ϑ) ·Ψ]2

(θ ·Ψ)(ϑ ·Ψ)
dk. (4.4)

Thus U is injective, and the inverse function theorem makes it a smooth diffeomorphism from O onto its
open image U(O). Parameters will be recovered from moments only within this image.

Proposition 4.1 (Exact entropy decomposition under five-moment matching). Fix a spatial point. Let
f > 0 almost everywhere, f ∈ L1(D), N = Nθ, and N̄ = Nθ̄, where θ, θ̄ ∈ O. Write Uf =

∫
D Ψf dk

and define the relative entropy, allowing the value +∞, by

H (f | g) =
∫
D

(
f

g
− 1− log

f

g

)
dk.

Then the three-point identity is

H (f | N̄) = H (f | N) + H (N | N̄) + (θ̄ − θ) · [Uf − U(θ)]. (4.5)

In particular, if Uf = U(θ), then

H (f | N̄) = H (f | N) + H (N | N̄). (4.6)

Among positive distributions with these five moments, N uniquely minimizes both H (f | N̄) and
−
∫
D log f dk, up to almost-everywhere equality.
The parameter potential P(θ) = −

∫
D log(θ · Ψ) dk and the entropy in moment coordinates

E(U(θ)) = −
∫
D logNθ dk satisfy

DθP = −U, D2
θP =M, ∇UE = −θ, D2

UE =M−1. (4.7)

On every fixed compact convex set Θ ⋐ O, all θ, θ̄ ∈ Θ satisfy

H (Nθ | Nθ̄) �Θ |θ − θ̄|2 �Θ |U(θ)− U(θ̄)|2. (4.8)

Proof. Expanding the three entropy densities pointwise leaves (f −N)(N̄−1 −N−1). Both reciprocals
are linear combinations of Ψ, so integration gives (4.5). The cross term is absolutely integrable. The two
relative entropies involving f are finite if and only if log− f ∈ L1(D): the positive logarithmic part is
controlled by log+ f ≤ f , and both RJ states have positive upper and lower bounds. If the negative loga-
rithmic part is not integrable, both sides of (4.5) equal +∞; the additive identity involves no subtraction
∞ − ∞. The solutions with positive two-sided bounds considered here satisfy the finiteness condition.
Moment matching makes the cross term vanish. The inequality x− 1− logx ≥ 0, with equality only at
x = 1, proves the first unique-minimizer assertion. Moreover,

∫
D(f/N − 1) dk = θ · [Uf − U(θ)] = 0,

so −
∫

log f +
∫

logN = H (f | N), proving the second.
Direct differentiation of P gives the first two derivative formulas; DU = −M and Mθ = U give the

other two. With δθ = θ̄ − θ,

H (Nθ | Nθ̄) = P(θ̄)− P(θ)−DP(θ) · δθ

=

∫ 1

0
(1− s) δθTM(θ + sδθ)δθ ds.

37



Uniform positive definiteness ofM onΘ gives the quadratic entropy comparison. IntegratingDU = −M
along the same segment and pairing with δθ gives both bounds for the moment difference.

A simple matching example is N = 1. Choose a real ζ with |ζ|R2 < 1 and set

fζ(k) = 1 + ζk(1)k(2).

This distribution is strictly positive on D, and∫
D
Ψ(fζ − 1) dk = ζ

∫
D
Ψk(1)k(2) dk = 0.

Each component of the last integrand is odd in at least one coordinate. Its moment-matched equilibrium
is therefore exactly N = 1, whereas H (fζ | 1) > 0 when ζ 6= 0: equality of all five moments still
permits a nonzero microscopic deviation.

The preceding identity is the concrete three-point formula for the convex entropy under five-moment
constraints. It holds at each (t,X) for the same f,N, N̄ , hence also after spatial integration; the collision
term and its four-leg dissipation continue to be computed from the original distribution f . Its infinitesimal
form explains the orthogonal energy used below. At f = N , suppose that bounded variations δf and
δN = −N2Ψ·δθ have matching five moments. Seth = (δf−δN)/N andκN = NΨ; then

∫
D κNh dk =

0. Since (− log)′′(N) = N−2, the second variation of the entropy is∥∥∥∥δfN
∥∥∥∥2
2

= ‖h‖22 + δθTMδθ.

Thus the zeroth-order orthogonality is compatible with the entropy Hessian. The third-order differentiated
energy with a corrector used below is not a spatial derivative of the total entropy: its control requires the
full collision and corner-layer arguments. In particular, zero initial microscopic entropy need not imply
zero initial error relative to the corrected approximation.

The five-moment conservation laws are equivalent to

M(θ)θt +

3∑
j=1

Jj(θ)∂jθ = 0, θt +
∑
j

Aj(θ)∂jθ = 0, Aj =M−1Jj . (4.9)

The positive matrix M is a symmetrizer. Write J(ξ) =
∑

j ξjJj . For every ξ ∈ R3, M−1/2J(ξ)M−1/2

is real symmetric; repeated eigenvalues cause no difficulty in the following construction. This local con-
struction belongs to the theory of quasilinear symmetric hyperbolic systems [9]; we give the energy and
approximation arguments needed here.

Proposition 4.2 (Local positive Euler solutions). Let s ≥ 4 be an integer, and suppose θ0 ∈ Hs(T3;R5)

has range compactly contained in O. There exist T0 > 0 and a unique solution

θ ∈ C([0, T0];H
s) ∩ C1([0, T0];H

s−1)

of (4.9) with initial value θ0, whose range remains compactly contained in O. Smooth initial data yield
a smooth solution. The existence time is independent of c.

Proof. Fix a compact neighborhood K ⋐ O of the range of the initial data. If q− ≤ θ · Ψ ≤ q+, then,
with GD =

∫
D ΨΨT dk,

q−2
+ GD ≤M(θ) ≤ q−2

− GD.
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Consequently, Es =
∑

|α|≤s
∫
(∂αθ)TM(θ)∂αθ dX is equivalent to ‖θ‖2Hs . The multivariate Leibniz

formula, the embedding Hs ↪→W 1,∞, and interpolation give∑
|α|≤s

‖[∂α, Aj(θ)]∂jz‖2 ≤ CK
(
‖∇θ‖∞‖z‖Hs + ‖θ‖Hs‖∇z‖∞

)
. (4.10)

Symmetry of MAj = Jj permits integration by parts in the leading transport term, so smooth solutions
satisfy |E′

s| ≤ CK‖∇θ‖∞Es.
To construct a solution, let Sδ be convolution with an even periodic mollifier and solve the Banach-

space ordinary differential equation

(θδ)t = −
∑
j

Sδ{Aj(θδ)∂jSδθδ}, θδ(0) = θ0.

For fixed δ, the right-hand side is locally Lipschitz on the positive parameter domain inHs. For z = ∂αθδ,
split the principal term as

〈Mz,Sδ(Aj∂jSδz)〉 = 〈MSδz,Aj∂jSδz〉+ 〈[Sδ,M ]z,Aj∂jSδz〉.

Use symmetry for the first term and ‖[Sδ,M ]z‖2 ≤ Cδ‖∇M‖∞‖z‖2 together with ‖∂Sδz‖2 ≤
Cδ−1‖z‖2 for the second. The same energy estimate therefore holds for the mollified equation, uni-
formly in δ. The equation also gives ‖θδ,t‖∞ ≤ CK‖∇θδ‖∞. Choose a short time on which both the
energy and the positive distance to the boundary of K are controlled. This gives a common existence
interval.

On this interval, θδ is bounded inL∞Hs and its time derivative inL∞Hs−1. Compact embedding and
equicontinuity yield a subsequence converging strongly in CtHs−1, and the limit satisfies (4.9). Finally,
mollify the differentiated equation for the limit once more. Integration by parts in the convolution kernel
gives

‖[Sδ, A]∂z‖2 ≤ C‖∇A‖∞‖z‖2.

Together with (4.10), this gives a uniform integrable bound for the time derivative of the mollified energy.
Letting δ → 0 proves continuity of Es(t); weak Hs continuity and continuity of the positive energy
norm give strong CtHs continuity. For the difference of two solutions, use the first solution’sM in an L2

energy. Local Lipschitz continuity of the coefficients and the first derivatives of the other solution control
the right-hand side; Gronwall’s inequality proves uniqueness. Higher-order energies preserve smoothness
successively.

From now on, fix a smooth positive Euler solution θ̄ on a finite interval [0, T ], with range compactly
contained in O, and write N̄ = Nθ̄. This may be any interval of smooth positive continuation of the
solution in Proposition 4.2. Constants may depend on its positivity margin and finitely many derivative
bounds. More precisely, fix a compact convex parameter neighborhood Θ ⋐ O whose interior contains
θ̄([0, T ]× T3), and set

K5 = 1 + max
j+|α|≤5

‖∂jt ∂αX θ̄‖L∞([0,T ]×T3).

The fixed data in the uniform estimates below areR, T,Θ,K5; the temporary two-sided ratio bounds will
also be determined by these data. We use CK for a constant depending only on them, independent of
Λ, η, c. Dependence on an auxiliary parameter already chosen will be indicated explicitly in the subscript.
Higher derivatives of the smooth initial data are used only for classical regularity at each fixed c; they do
not enter the uniform threshold c∗ or the constants in the following three convergence rates.
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Theorem 4.3 (Strong-collision limit on a prescribed positive Euler interval). Suppose θ0 ∈ C∞(T3;R5)

has range compactly contained in O, θ̄(0) = θ0, and θ̄ is the smooth positive Euler solution on [0, T ]

specified above. There exist c∗, CT ,mT ,MT > 0 such that, for every c ≥ c∗, the initial-value problem

T fc = cC(fc), fc(0, X, k) = Nθ0(X)(k) (4.11)

has a unique positive solution on [0, T ]. For every finite m it belongs to CtCmXCk(D); for m ≥ 1 it also
belongs to C1

t C
m−1
X Ck(D), and mT ≤ fc ≤ MT . Its five moments lie in U(O). Defining Nc = Nθc by

these moments, we have

‖fc − N̄‖L∞
t H3

XL
2
k
+ ‖θc − θ̄‖L∞

t H3
X
≤ CT c

−3/4, (4.12)

‖θc − θ̄‖L∞
t H2

X
≤ CT c

−1, (4.13)

‖fc −Nc‖L2
tH

3
XHν

≤ CT c
−1. (4.14)

HereHν = L2(D, ν∗ dk), where ν∗ is the collision frequency of any fixed positive Rayleigh–Jeans distri-
bution. All constants are independent of c.

We distinguish five objects used in the proof. The prescribed Euler solution determines N̄ , while the
five moments of the evolving solution fc determine Nc. The microscopic deviation is further split into a
corrector and a remainder:

N̄ = Nθ̄, Nc = Nθc , U(θc) =

∫
D
Ψfc dk,

fc −Nc = Gc + ec,

∫
D
ΨGc dk =

∫
D
Ψec dk = 0.

The corrector Gc will be constructed from N̄ in Subsection 4.3; ec is the distribution error controlled by
the joint energy. The difference between the two macroscopic states is measured by θc − θ̄.

A spatially homogeneous equilibrium gives the simplest instance of this decomposition. If θ0 is
constant, then θ̄(t,X) = θ0, and fc(t,X, k) = Nθ0(k) is an exact solution for every c: both transport
and collision terms vanish. The forcing in the corrector equation below also vanishes, its small solution
is Gc = 0, and hence ec = 0.

The corners explain the choice of convergence topology. The collision term vanishes at every corner
ξ, so

fc(t,X, ξ) = Nθ0(X−2ξt)(ξ).

This free-transport trace generally differs from N̄(t,X, ξ). The momentum L2 and weighted norms in
the theorem allow this corner memory; the corner comparison will provide positive two-sided bounds in
its neighborhood.

4.2 Local construction and continuation of the transport equation

Lemma 4.4 (Amplitude continuation criterion). LetBm = CmXCk(D). For every fixed c > 0 and strictly
positive f0 ∈ Bm, equation (4.11) has a unique maximal positive mild solution. If its maximal existence
time Tmax is finite, then

sup
t<Tmax

‖f(t)‖∞ = ∞.

For smooth spatial initial data, every finiteBm norm remains finite on each finite interval of existence on
which the amplitude is bounded.
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Proof. Lemma 3.1 gives local Lipschitz continuity of C : B0 → B0 and ‖C(f)‖∞ ≤ CR‖f‖3∞. The op-
erators S(t)f(X, k) = f(X−2kt, k) form a strongly continuous isometric group onB0. The contraction
mapping theorem applied to

f(t) = S(t)f0 + c

∫ t

0
S(t− s)C(f(s)) ds

on a bounded ball of continuous paths gives a unique local solution, with existence time depending only
on c and the amplitude bound of the ball. Reapplying the same local construction near a finite maximal
endpoint extends the solution, and uniqueness identifies the extension with the original solution. This
proves the amplitude criterion.

Positivity follows from the decomposition of the original polynomial

C(f)0 = G(f)0 + B(f)0f0,

G(f)0 =
∫
f1f2f3 dΓk0 ≥ 0,

B(f)0 =
∫

(f2f3 − f1f2 − f1f3) dΓk0 .

Along transport characteristics, the equivalent integral equation obtained with the integrating factor for
cB(f) is also a contraction on the closed nonnegative ball. Its solution therefore agrees with the one
above. On an interval where the amplitude is at most M , f(t) ≥ (min f0) exp(−cCRM2t) > 0.

The group S(t) commutes with ∂X . In the full Leibniz expansion of each product of three factors, an
mth-order derivative can fall entirely on only one factor. Hence

‖f(t)‖Bm ≤ ‖f0‖Bm + cCRM
2

∫ t

0
‖f(s)‖Bm ds+ c

∫ t

0
Pm(‖f(s)‖Bm−1) ds,

where Pm is a finite polynomial. Induction and Gronwall’s inequality finish the proof. These higher-order
norms at fixed c justify differentiation; uniform energy bounds are proved separately below.

4.3 The nonlinear corrector in two norms

The local equilibrium satisfies C(N̄) = 0, but its transport residual T N̄ generally does not vanish. We
construct a corrector Gc with zero five moments so that cC(N̄ + Gc) cancels the leading part of this
residual. Degeneracy of the frequency at the corners calls for two distinct controls: a small amplitude
throughout momentum space and a stronger c−1 bound after multiplication by the frequency. Both norms
will be retained below.

We first construct and differentiate the equation in the Banach spaces from the preceding section,

X = L∞(D), Y = {h : ν∗h ∈ L∞(D)}, ‖h‖Y = ‖ν∗h‖∞,

with functions identified almost everywhere. Write X0 = C(D) for the closed subspace of continuous
functions. We will subsequently show that continuous inputs give outputs and parameter derivatives inX0.
For a general Y input, the diagonal term νNh is only known to be bounded; continuous representatives
will be recovered after the parameter estimates. For s ≥ 1, set

‖h‖Bs = ‖h‖∞ + s‖ν∗h‖∞.

For fixed s, the spaces Bs and X have the same underlying set and equivalent norms. Its continuous
subspace is again denoted by X0, equipped with the same Bs norm. Write

C̃N (q) = N−1C(N(1 + q)) = −LNq +RN (q). (4.15)
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The remainder RN consists exactly of the quadratic and cubic terms. Conservation of the five moments
gives PNRN (q) = 0.

Lemma 4.5 (The nonlinear cell problem and parameter derivatives). There is δ0 > 0, depending on Θ,
such that for real F ∈ QNX0 with ‖F‖∞ ≤ δ0, the equation

q − sC̃N (q) = F, PNq = 0, (4.16)

has a unique real solution in a fixed small Bs ball, and ‖q‖Bs ≤ CΘ‖F‖∞. Suppose N = N(y) and
F = F (y) depend smoothly on a finite-dimensional parameter y, the specified finitely many derivatives
of N are bounded, and max|α|≤j ‖∂αy F‖∞ ≤ Kjδ. Then

max
|α|≤j

(
‖∂αy q‖∞ + s‖ν∗∂αy q‖∞

)
≤ Cjδ. (4.17)

The constants are uniform for s ≥ 1.

Proof. By Proposition 3.10, RN,s = (I + sLN )
−1QN : X → Bs is uniformly bounded. For ‖qi‖∞ ≤ κ,

Lemma 3.12 gives
‖RN (q1)−RN (q2)‖∞ ≤ Cκ‖ν∗(q1 − q2)‖∞.

Thus q 7→ RN,s[F + sRN (q)] is a contraction on the ball of radius 2C‖F‖∞. First ensure Cκ < 1/2,
then choose δ0. Iteration from zero remains in the same range ofQN . The original cubic operator and the
resolvent preserve continuous functions, so iteration with continuous input remains inX0. The supremum
and essential supremum of a continuous function on the closed cube agree; hence X0 ↪→ X is a closed
isometric embedding, and the limit is continuous. Iteration also preserves real values. Taking the ball
radius below 1/2 gives 1 + q ≥ 1/2.

Parameter differentiation requires a fixed projected space. Retain the reference state n∗ and write
P∗ = Pn∗ , Q∗ = I − P∗. Use the operator UN from Lemma 3.11, which satisfies UNP∗ = PNUN ;
the operators UN , U∗

N and their specified parameter derivatives are uniformly bounded on X ,Y . Set
z = U∗

Nq, L̃N = U∗
NLNUN , and define

R̃N,s = U∗
NRN,sUN = (I + sL̃N )

−1Q∗, R̃N (z) = U∗
NRN (UNz).

On the fixed space Q∗X , the resolvent satisfies

∂θ(I + sL̃N )
−1 = −s(I + sL̃N )

−1(∂θL̃N )(I + sL̃N )
−1.

Reading the right-hand side from right to left gives an s−1 gain from X to Y , a bounded parameter deriva-
tive from Y to X , and a uniform bound from X to Bs. Every higher parameter derivative is controlled by
the same pairing of factors s and s−1.

In the nonlinear equation on the fixed space, the operator acting on the highest y derivative is I −
sR̃N,sDR̃N (z). Its inverse is uniformly controlled by the contraction constant above. Every remaining
term in the finite-order chain rule contains parameter derivatives or lower state derivatives. Lemma 3.12
permits exactly one input of each multilinear term to be estimated in Y , with the others in X . Each
coefficient s is therefore canceled by the s−1 gain of a lower derivative. Induction gives (4.17). Derivatives
of U∗

N are already included in this fixed-space equation; no separate membership of Fy in the range of
the original projection QN is required.

Finally, recover continuous representatives of the parameter derivatives. For fixed s, the argument
above gives the required smoothness of q(y) in X . Its first difference quotients are continuous functions
and converge in the X norm. The closed embedding gives a unique continuous representative of the limit,
and the convergence is in fact uniform. Induction on higher difference quotients shows that all the stated
derivatives belong toX0 and depend continuously on the parameters. This recovery uses closedness only
at each fixed s; the estimates uniform in s have already been proved in X ,Y .
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Apply this result with F = −T log N̄ . The Euler equation gives∫
D
N̄ΨF dk = −

∫
D
ΨT N̄ dk = 0.

The forcing F may be large on the prescribed interval. Choose a fixed Λ ≥ 1 and apply Lemma 4.5 with
s = c/Λ and F/Λ to obtain

Λqc − cC̃N̄ (qc) = −T log N̄ , PN̄qc = 0, Gc = N̄qc. (4.18)

Thus Λ reduces the forcing in the corrector equation while the positive parameter range of the initial data
is unchanged. From now on, Λ depends on the prescribed interval, but not on c. For c ≥ Λ ≥ Λ0, all
required time and space derivatives of total order |α| ≤ 4 satisfy

‖∂αGc‖∞ ≤ CKΛ−1, c‖ν∗∂αGc‖∞ ≤ CK . (4.19)

The forcingF = −T log N̄ uses one more derivative than θ̄. Thus its total space-time derivatives through
order four, and the corresponding derivatives of Gc, are precisely controlled by K5. Taking the small
parameter in the lemma to be CK/Λ and s = c/Λ gives both the Λ−1 bound in the uniform norm and the
c−1 bound in the weighted norm. The nonlinear products in the parameter derivatives use estimates with
one Y input. The corner-frequency estimate in Lemma 3.3 gives ν−3/2

∗ ∈ L1(D). Since min(A,B)2 ≤
A1/2B3/2,

‖∂αGc‖2 ≤ CKΛ−1/4c−3/4, ‖∂αGc‖Hν + ‖∂αGc‖1 ≤ CKc
−1. (4.20)

The exponent 3/4 comes from the critical integrability of the corner frequency: squaring and integrating
the pointwise bound |∂αGc| ≤ CK min{Λ−1, (cν∗)

−1} uses exactly ν−3/2
∗ ∈ L1. Let f app = N̄ + Gc.

Its residual and initial error are

Eapp = T f app − cC(f app) = N̄{T qc + (T log N̄)qc − Λqc}, (4.21)
fc(0)− f app(0) = −Gc(0). (4.22)

In particular,

‖Gc‖L∞
t H3

XL
2
k
≤ CKΛ−1/4c−3/4,

‖Eapp‖L∞
t H3

XL
2
k
≤ CKΛ3/4c−3/4, ‖Eapp/N̄‖∞ ≤ CK . (4.23)

The projection condition gives
∫
ΨGc = 0, whereas∫
D
ΨEapp dk =

∑
j

∂j

∫
D
vjΨGc dk. (4.24)

This vector is generally nonzero; the macroscopic equation below retains it.

4.4 Orthogonal decomposition and differentiated equations through order three

Work for now on an interval where the original solution exists. Use Uc =
∫
Ψfc to define N = Nθc , and

abbreviate G = Gc, f = fc, and θ = θc. Throughout this subsection and the energy proof that follows,
N denotes the actual moment-matched equilibrium; the prescribed Euler distribution remains N̄ . Set

e = f −N −G, a = θ− θ̄, κN = NΨ, ηα =
∂αXe

N
, aα = ∂αXa, Hα = ηα−κN · aα.

These adapted derivative variables are obtained by first differentiating the distribution error e in space
and then dividing by N . In particular,

ηj = ∂j(e/N) + (∂j logN)(e/N).
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This choice preserves exact five-moment orthogonality at each order; variation of the denominator appears
in the connection terms below. The macroscopic and microscopic components thus use the same transport
velocity, and the highest-order cross terms cancel in the joint energy. For every 0 ≤ |α| ≤ 3,∫

D
κNηα dk =

∫
D
Ψ∂αe dk = 0. (4.25)

Define

El =
1

2

∑
|α|=l

∫
T3

(‖ηα‖22 + aT
αMaα) dX =

1

2

∑
|α|=l

‖Hα‖2L2
X,k
, (4.26)

Dl =
∑
|α|=l

∫
T3

aN (ηα, ηα) dX, E =

3∑
l=0

ωlEl, De =

3∑
l=0

ωlDl.

(4.27)

The fixed decreasing weights 1 = ω0 > ω1 > ω2 > ω3 > 0 will be chosen in the energy estimate. In the
parameter neighborhood where E ≤ e∗, Proposition 3.6 and (4.25) give

E � ‖e‖2H3
XL

2
k
+ ‖a‖2H3

X
, ‖e‖2

Hl
XHν

≤ C

l∑
p=0

Dp. (4.28)

We now derive the differentiated identities, including order zero. Set

B = T logN, Cα =
∂αN

N
+ κN · ∂αθ, sα = κN · ∂αθ.

Here ∂j = ∂/∂Xj . InCij and sij the indices indicate the successive spatial derivatives ∂i∂j , and repeated
indices are allowed. Sums in the energy are still indexed by multiindices α. Direct differentiation gives

C0 = 2, Ci = 0, Cij = 2sisj ,

Cijk = 2(sisjk + sjsik + sksij)− 6sisjsk. (4.29)

Consequently,

Hα =
∂α(f −G)

N
+ κN · ∂αθ̄ − Cα. (4.30)

Set

Sα = κN · T ∂αθ̄ + 2BκN · ∂αθ̄ − (T +B)Cα,

Rsrc
α = Sα +

∂αT N̄
N

. (4.31)

Differentiating (4.30) and using (4.21) yields

T Hα =
c

N
∂α[C(f)− C(f app)]−BHα +Rsrc

α − ∂αEapp

N
. (4.32)

Its collision term is orthogonal to κN . In particular, C0 = 2 gives

Rsrc
0 = (1− ρ2)κN · T θ̄ + 2B(κN · θ̄ − 1), ρ = N̄/N. (4.33)

The actual five-moment equation is

θt = −
∑
j

Aj(θ)∂jθ +M−1
∑
j

∂jZj , Zj =

∫
D
vjΨ(e+G) dk. (4.34)
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It is obtained by taking moments of the conservation law for the same distribution; in particular, it contains
no collision coefficient c. Split the flux into the distribution-error and known-corrector parts:

Zej =

∫
D
vjΨe dk, ZGj =

∫
D
vjΨG dk, Zj = Zej + ZGj .

Spatial derivatives commute with this moment integral, so

‖Z‖H3
X
≤ C‖e‖H3

XL
2
k
+ C‖G‖H3

XL
1
k
≤ CK(

√
E + c−1).

Subtract the Euler equation from (4.34) and use the product rule in H2
X to obtain the first estimate below.

Three spatial derivatives suffice for divZ; third-order control of θt is not required. By (4.20), (4.28), and
H3
X ↪→ C1

X ,

‖θt − θ̄t‖H2
X
+ ‖B − B̄‖H2

XL
∞
k

≤ CK(
√
E + c−1),

‖B‖∞ ≤ CK ,
∑
|α|≤3

‖Rsrc
α ‖L2

XL
∞
k

≤ CK(
√
E + c−1), (4.35)

where B̄ = T log N̄ . To explain the highest-order case of the last estimate, note that for 1 ≤ |β| ≤ 2,

T sβ = Bsβ + κN ·

∂βθt +∑
j

vj∂j∂
βθ

 .

Substituting this into the third-order formula in (4.29), the highest time-derivative products are θtijθi and
θtiθjk; the highest spatial terms are θijkθi and products of two second derivatives. Estimate θtijθi and
θijkθi inL2×L∞, and the remaining products inL6×L3. All these norms are controlled by θt ∈ H2 and
θ ∈ H3. At θ = θ̄, Sα = −∂αT N̄/N̄ ; hence every term after subtraction contains either a parameter
error or a microscopic moment from (4.34). Equation (4.33) verifies the zeroth-order endpoint of the
same argument.

4.5 Third-order energy under two-sided corner-layer bounds

Let Eη be the union of the η-neighborhoods of the eight corners, with distance measured in the `∞ norm.
On a temporary interval of existence, assume

0 < d− ≤ f/N ≤ d+ <∞, sup
k/∈Eη

|f/N − 1| ≤ κb, E ≤ e∗. (4.36)

The constants d± are fixed, and deviations within the corner layers need not be small. Write vη = η2[1 +

log(R/η)]2. If
cvη ≥ CK/κb, (4.37)

then (4.19) and frequency comparison give |e| ≤ Cκb onD \Eη, while |e| ≤ K0 everywhere, whereK0

depends only on the fixed positive two-sided bounds. This converts the assumptions on the distribution
f into assumptions on the error e used in the differentiated estimates.

Proposition 4.6 (Joint energy estimate). On the interval above, there are fixed decreasing order weights
and constants γ, CK > 0 such that, for sufficiently small κb, η, e∗ and sufficiently large Λ, provided (4.37)
holds,

E′ + γcDe ≤ CKE + CKΛ3/2c−3/2. (4.38)

The smallness threshold can be written as

CK
(
κ
1/3
b + ω1/3

η + Λ−1 +
√
e∗
)
≤ γ0, (4.39)
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where ωη → 0 is the corner-restricted two-leg operator norm in Lemma 3.15. Constants may depend on
d±, the positive parameter domain, and finitely many derivatives of the prescribed Euler solution, but not
on c, η,Λ or any uncontrolled higher-order norm of the actual solution.

The estimates play distinct roles. The highest collision derivatives produce Dl; parameter variations
and the corrector produce terms controlled by lower-order dissipation and the known residual. The actual
five-moment equation handles the transport connection terms. Fixed decreasing order weights then ab-
sorb the lower-triangular dissipation terms successively. The four small quantities in (4.39) correspond
respectively to the error outside the corner layers, two-leg interactions in the corner layers, the corrector
amplitude, and the unknown macroscopic parameter error.

Proof. The proof separates collision differentiation, parameter variation, and transport. Let F = N +G

and write
C(f)− C(f app) = C(F + e)− C(F )︸ ︷︷ ︸

T (e;N,G)

+ C(N +G)− C(N̄ +G)︸ ︷︷ ︸
V (a;G)

. (4.40)

First consider T . The distributions F + se, 0 ≤ s ≤ 1, have the same five moments and the same
moment-matched equilibrium N . They are positive, have uniform two-sided bounds, and are close to N
outside the corner layers. Proposition 3.14 and (4.25) give〈

η0,
T

N

〉
=

∫ 1

0

〈
η0,

DC(F + se)[Nη0]

N

〉
ds ≤ −γ1D0. (4.41)

This supplies the negative term in the zeroth-order energy directly.
For positive order |α| = l, the chain rule for the cubic polynomial gives

∂αT = DC(f)[∂αe] + [DC(f)−DC(F )]∂αF + Lα. (4.42)

The coefficients of the first term retain all values of f in the corner layers, including those not close to
equilibrium. Nevertheless, (4.25) and Proposition 3.14 yield〈

ηα,
DC(f)[Nηα]

N

〉
≤ −γ1aN (ηα, ηα). (4.43)

We estimate all remaining terms by type. The four signs and leg-index sets in the collision polynomial
are

(+, 123), (+, 023), (−, 013), (−, 012).

For each such index set I , the full derivative formula is

∂α
∏
i∈I

fi =
∑

∑
i∈I βi=α

α!∏
i∈I βi!

∏
i∈I

∂βifi. (4.44)

Substitute f = N+G+e and F = N+G separately and subtract. Every remaining term contains at least
one factor e. Equation (4.42) separates the terms in which a single factor receives the entire multiindex
α; Lα is the difference of the remaining multiindex terms.

Fix a positive n∗ and use the common four-leg measure dµ∗ =
∏
i n∗(ki) dΞD. Each one-leg

marginal is n2∗ν∗ dk. First compare the varying N weights with this fixed measure. Lemma 3.15 ap-
plies directly to the distribution error e: momentum indicators commute with every X derivative, and
(4.37) gives the required amplitude bound outside the corner layers. Write Rl = ‖e‖Hl

XHν
. For total

order l = 2, 3, terms in which at least two positive-order derivatives act on distinct e factors satisfy

‖these products‖L2
XL

2(µ∗) ≤ CK0(κ
1/3
b + ω1/3

η )Rl. (4.45)
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Any zeroth-order factor in a product of three factors is estimated only by K0. If the total derivative order
on e is at most l − 1, the ordinary product estimate on the same measure gives CK0Rl−1.

To specify how these estimates apply here, divide the remainder into three types. The first contains
noG, and all l derivatives fall on e. Apart from the leading term already separated, (4.45) applies exactly.
The second contains no G, but at least one derivative falls on N . Terms containing only derivatives
of the prescribed reference parameters contribute CKRl−1. Subtract the remaining smooth parameter
coefficients along θ̄+ sa; their differences contain at least one derivative of a. Through total order three,

‖a3e0‖L2
XHν

≤ ‖a3‖L2
X
‖e‖L∞

XHν ≤ C‖a‖H3
X
R3,

‖a2e1‖L2
XHν

≤ ‖a2‖L6
X
‖e1‖L3

XHν
≤ C‖a‖H3

X
R3,

‖a1e2‖L2
XHν

≤ C‖a‖H3
X
R3.

An additional e factor is handled by its amplitude bound or a product estimate on the same measure.
All parameter coefficients are expanded according to total derivative order. These three cases and their
lower-order versions therefore exhaust products of highest parameter derivatives with microscopic errors,
giving CK

√
ER3. In particular, the second term in (4.42) obeys the same estimate: indeed,

∂αN = −NκN · ∂αθ +NCα,

and every coefficient ofDC(f)−DC(F ) contains an e factor. A prescribed highest derivative ∂αθ̄ times
a lower-order e contributes CKRl−1; an unknown highest derivative ∂αa contributes CK

√
ER3 by the

estimates above.
The third type contains one or more factors G. Every required derivative of G is bounded in the

uniform norm by CK/Λ through (4.19). The remaining terms still contain e, so the ordinary bounded-
amplitude product estimate on the same measure givesCKΛ−1R3; terms containing a parameter error add
CK

√
ER3. This classification retains every sign and multiplicity in (4.44), including products involving

the output leg.
More explicitly, among the remaining terms without G, let rN be the total derivative order on the

parameter coefficients. If rN = 0, the only nonleading allocations of third-order microscopic derivatives
are 2+1 and 1+1+1, and the only second-order allocation is 1+1. If rN ≥ 1, the microscopic derivative
order is at most l− 1. After subtracting the prescribed reference values of the parameter coefficients, the
highest unknown allocations are precisely a3e0, a2e1, a1e2 and their lower-order or multifactor variants.
This includes a zeroth-order e factor times a highest parameter derivative; no additional c−1 factor is
required on that highest parameter derivative.

The one-leg marginal norm of the test function ηα(k0) is controlled by D1/2
l . For any product P

above, after removing uniformly bounded weights depending only on the positive parameter domain, the
estimate used is ∣∣∣∣∫

T3

∫
ηα(k0)P dµ∗ dX

∣∣∣∣ ≤ ‖ηα(k0)‖L2
XL

2(µ∗)‖P‖L2
XL

2(µ∗).

The marginal measure in the first factor is exactly n2∗ν∗ dk0. Thus all three classes of product bounds can
be paired with D1/2

l , without integrating the four legs separately or assuming independence. Applying
Young’s inequality to the known lower-order terms gives∑

|α|=l

〈
ηα,

∂αT

N

〉
≤ −γ2Dl + Cl

∑
p<l

Dp

+ CK(κ
1/3
b + ω1/3

η + Λ−1 +
√
E)

3∑
p=0

Dp. (4.46)
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For l = 0, the lower-order sum is empty and (4.41) applies directly. To choose the order weights, first
fix these constants on the ball ‖a‖H3 ≤ 1, retaining all unknown parameter errors in the

√
E term. Set

ω0 = 1 and choose successively 0 < ωl < ωl−1/2 so that

ωlCl ≤
γ2
8

min
0≤p<l

ωp, l = 1, 2, 3.

Each Dp receives at most three such lower-order contributions, which are absorbed by its negative term.
Decrease the threshold in (4.39) so that the common remainder is at most γ2

∑
p ωpDp/4. Finally, choose

e∗ so that (4.28) implies ‖a‖H3 ≤ 1 and the smallness condition holds. Thus the order weights are fixed
before the energy threshold, and neither depends on time or c. The contribution of T is at most −γcDe.

For V , vary θs = θ̄ + sa while keeping the distribution corrector G fixed. Since C(Nθs) = 0, every
term obtained after any fixed number of parameter derivatives still contains at least one G factor. If that
factor lies on the output leg, the collision integral gives CνNG; if it lies on an internal leg, the bound∫
Ka,N (k, p)/ν∗(p) dp ≤ C from Lemma 3.8 gives the same estimate. In each term, estimate exactly one

G in Y and the others in the uniform norm. Since c‖ν∗∂βG‖∞ ≤ CK , the multivariate chain rule yields

c‖C(N +G)− C(N̄ +G)‖H3
XL

2
k
≤ CK‖a‖H3

X
. (4.47)

The relation between parameter differentiation and normalization can be displayed explicitly. Let Ns =

Nθs , qs = G/Ns, and bs = ∂s logNs = −Ns(a · Ψ). Write DN for the Fréchet derivative with respect
to the positive distribution N while q is held fixed, namely

DN C̃N (q)[h] = − h

N
C̃N (q) +

1

N
DC(N(1 + q))[h(1 + q)].

Since ∂sNs = Nsbs and ∂sqs = −bsqs, the chain rule gives

∂sC(Ns +G)

Ns
= bsC̃Ns(qs) +DN C̃Ns(qs)[Nsbs]−DqC̃Ns(qs)[bsqs].

All three terms arise from differentiation with the same distribution correctorG held fixed. Pairing (4.47)
with the unweighted energy contributes only CKE.

Finally, integrate (4.32) over the periodic spatial domain. The collision term has zero five moments,
so its pairing with Hα can be replaced by the pairing with ηα. Thus

E′ = c
∑
l,|α|=l

ωl

〈
ηα,

∂α[C(f)− C(f app)]

N

〉

−
∑
l,|α|=l

ωl

∫
B|Hα|2 dX dk

+
∑
l,|α|=l

ωl

〈
Hα,Rsrc

α − ∂αEapp

N

〉
. (4.48)

By (4.35) and the ordinary L2 Young inequality, the last two lines are bounded by CKE + CKc
−2 +

CKΛ3/2c−3/2. Combining this with the collision estimates proves the result. The residual term Λqc and
the zeroth-order initial layer have both been retained throughout.

The initial data f(0) = N(0) = N̄(0) give a(0) = 0 and e(0) = −G(0). Proposition 4.6 and (4.20)
therefore yield

sup
s≤t

E(s) + c

∫ t

0
De(s) ds ≤ CKe

CKT (Λ−1/2 + TΛ3/2)c−3/2, t ≤ T, (4.49)

whenever the hypotheses hold on [0, t]. The right-hand side uses the prescribed T and is uniform on every
shorter interval; it contains no negative power of that interval’s length.
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4.6 Positive exchange in corner layers and amplitude bounds outside them

Lemma 4.7 (Corner-layer comparison). Assume (4.36) and (4.49) hold on [0, t]. For each corner ξ, set

Fξ(s,X) = Nθ0(X−2ξs)(ξ), F− ≤ Fξ ≤ F+,

A∗ = min(1, N−/(2F+)), B∗ = max(1, 2N+/F−),

where N− ≤ Nθ ≤ N+ uniformly on the parameter domain in use. Then

A∗ − rcor
c ≤ f(s,X, k)

Fξ(s,X)
≤ B∗ + rcor

c , k ∈ Eη(ξ), s ≤ t, (4.50)

and
rcor
c ≤ CK,Λ,T,d± [η + cηvη + ψ(η) + c−1/4v−1/4

η ], ψ(η) −→ 0. (4.51)

Proof. Fix k0 ∈ Eη(ξ) and partition the original integration variables into

B = {k1 ∈ E4η} ∪ {k2 or k3 lies in Eη at another corner},
A2 = Bc ∩ {k2 ∈ Eη(ξ)},
A3 = Bc ∩ {k3 ∈ Eη(ξ)},
A0 = Bc ∩ {k2, k3 /∈ Eη}.

If both k2, k3 belong to Eη(ξ), momentum conservation forces k1 ∈ E3η, so A2 and A3 are disjoint.
Lemma 3.13 gives

∫
B dΓk0 ≤ Cην∗(k0). On A2, the sum of the four cubic terms is

f1f3(f2 − f0) + f0f2(f3 − f1),

and the corresponding expression on A3 interchanges indices 2, 3. The first term defines an exchange
generator with nonnegative rates:

(Jfh)(k0) =
∫
A2

f1f3[h(k2)− h(k0)] dΓk0

+

∫
A3

f1f2[h(k3)− h(k0)] dΓk0 .

It exchanges values only at the same X and within the same corner layer, and Jf1 = 0.
On A0, all three internal values are close to N . Therefore, for sufficiently small κb,

a0(f) = f1f3 + f1f2 − f2f3 > 0,
f1f2f3
a0(f)

∈ [N−/2, 2N+].

Set νb =
∫
A0
a0(f) dΓk0 and νbFb =

∫
A0
f1f2f3 dΓk0 . When νb = 0, choose any Fb in the indicated

interval. The original equation is then equivalent to

T f = cJff + cνb(Fb − f) + c(SN + SG + Se + SB). (4.52)

Here SB is the entire original polynomial integrated over the exceptional region. The other three source
terms come from the decomposition f3 − f1 = (N3 − N1) + (G3 − G1) + (e3 − e1) on A2 and the
corresponding expression on A3.

With the positive two-sided bounds fixed, c‖SB‖L1
sL

∞
X,k(Eη) ≤ CT cηvη. On A2, k1−k3 = k2−k0 =

O(η), and the momentum Lipschitz constant of Nθ is uniform on the parameter domain. Thus SN obeys
the same bound. Lemma 3.8 gives

sup
k∈Eη , θ∈Θ

∫
D

Ka,θ(k, p)

ν∗(p)
dp =: ψ(η) −→ 0.
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Together with c‖ν∗G‖∞ ≤ CK , this yields c‖SG‖L1
sL

∞
X,k(Eη) ≤ CTψ(η).

In Se, the factors e1, e3 lie in D \ Eη. The square-row estimate of the same lemma gives∫
D
Ka,θ(k, p)

2 dp ≤ C
√
ν∗(k).

Cauchy’s inequality and H3
X(Hν) ↪→ L∞

X (Hν) therefore imply∣∣∣∣∣
∫
D\Eη

Ka,θ(k, p)e(s,X, p) dp

∣∣∣∣∣ ≤ Cν∗(k)
1/4v−1/2

η ‖e(s,X)‖Hν

≤ Cv−1/4
η ‖e(s,X)‖Hν , k ∈ Eη.

The first line uses ν∗(p) ≥ c0vη on the input region and the square-row estimate; the second uses ν∗(k) ≤
C0vη on the output region. Consequently,

sup
X,k∈Eη

|Se(s,X, k)| ≤ Cv−1/4
η ‖e(s)‖H3

XHν
.

Take this joint supremum before integrating in time. The bound
∫ t
0 ‖e(s)‖

2
H3

XHν
ds ≤ CK,Λ,T c

−5/2 in
(4.49), followed by Cauchy’s inequality in time, gives

c‖Se‖L1
sL

∞
X,k(Eη) ≤ CK,Λ,T c

−1/4v−1/4
η . (4.53)

The collision row vanishes at a corner, so f(s,X, ξ) = Fξ(s,X). For nearby momenta, T logFξ =
2(k− ξ) · ∇X logFξ = O(η). Set y = f/Fξ. Since exchange occurs at the same X and within the same
corner layer, (4.52) becomes

T y = cJfy + cνb(Fb/Fξ − y) + c(SN + SG + Se + SB)/Fξ − yT logFξ.

Fix the coefficients along this solution. Transport together with exchange preserves positivity and con-
stants; after adding the nonnegative killing rate cνb, the evolution is contractive in L∞. Explicitly, incor-
porate the loss rate into an integrating factor along characteristics and iterate the positive gain term to
obtain a positive evolution. Comparison with constants shows that its norm is at most one. The relaxation
target Fb/Fξ lies in [A∗, B∗]. Initially y(0) = 1 + O(η), and the last term is O(η) by the temporary
amplitude bound. The preceding L1

sL
∞ estimates now give (4.50)–(4.51).

Lemma 4.8 (Amplitude bound outside the corner layers). On the same interval as in Lemma 4.7, set
h = (f − f app)/N̄ . If the actual parameter error is sufficiently small, then

sup
s≤t,X, k/∈Eη

|h(s,X, k)| ≤ CK,Λ,T {(cvη)−1 + c−3/4v−3/4
η }. (4.54)

Proof. Apply Proposition 3.14 to the linear interpolation from f app to f . Relative to N̄ , these distributions
have fixed positive two-sided bounds, and their deviations outside the corner layers are controlled by
Cκb + CK/Λ + C

√
E. The resulting equation is

T h+ B̄h+ cνeffh = −cKeffh− Eapp/N̄ , h(0) = −qc(0),

where νeff � ν∗ and all three signed off-diagonal kernels are dominated by CKa,N̄ . Outside the corner
layers, when cvη → ∞, cνeff + B̄ ≥ acν∗ for a fixed a > 0. Along the transport characteristic of the
output momentum, the integrating factor bounds the source contribution by C/(cν∗). Boundedness of
cν∗qc(0) gives the same bound for the initial contribution. For the gain term, the square-row estimate and
the spatial embedding for H3

XL
2
k give

|Keffh(s,X, k)| ≤ Cν∗(k)
1/4‖h(s)‖H3

XL
2
k
.

Integrating this against the exponential loss givesCν∗(k)−3/4 sups ‖h(s)‖H3
XL

2
k
. Equation (4.49) bounds

the final norm by O(c−3/4), proving the claim.
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4.7 Continuation on the prescribed interval and convergence rates

Proof of Theorem 4.3. Choose all parameters in the following order. First fix the prescribed Euler interval
and its compact positive parameter neighborhood. Let N±, F±, A∗, B∗ denote the known bounds in
Lemma 4.7. Set

d− = min{1/4, F−A∗/(4N+)}, d+ = max{4, 2F+(B∗ + 1)/N−}. (4.55)

These constants are fixed before Λ, κb, c. With d± fixed, choose the order weights and geometric thresh-
olds in Proposition 4.6. Next choose Λ large and κb, e∗ small enough that CK(κ

1/3
b + Λ−1 +

√
e∗) is

below half the threshold in (4.39), and that the parameter C1 error keeps the parameters within the posi-
tive neighborhood. For the interpolation family relative to N̄ in Lemma 4.8, take the uniform thresholds
corresponding to the slightly wider bounds d−/2, 2d+, and also require Cκb + CK/Λ + C

√
e∗ to lie

below its smallness threshold outside the corner layers. These finitely many requirements can be met
simultaneously.

Fix
1

3
< β <

1

2
, η = c−β . (4.56)

For each c, this layer is kept fixed throughout the time interval. Finally, take c sufficiently large that
c ≥ Λ, the geometric thresholds hold, ωη is sufficiently small, and cvη ≥ CK/κb. This is possible
because cvη � c1−2β(log c)2 → ∞. The full order of choices is therefore

(R, T,Θ,K5) −→ d± −→ (ωl)
3
l=0

−→ (Λ, κb, e∗) −→ β −→ c ≥ c∗.

In particular, η = c−β is determined last. Both Λ and the factor Λ3/2 in the energy estimate remain fixed;
the prescribed T is not shortened to remove this factor.

Lemma 4.4 constructs the same maximal solution from the original initial data. Initially Nc = N̄ ,
and the inverse moment map is defined by (4.4) and the nonsingular Jacobian −M . Let t∗ be the first time
this solution violates (4.36) or the parameter-neighborhood condition, or reaches its maximal existence
endpoint. The initial distribution ratio is one, and E(0) = O(Λ−1/2c−3/2); hence all these conditions
hold strictly at the initial time for large c.

For every t < t∗, estimate (4.49) holds with constants depending only on the prescribed T . By (4.56),

cηvη = O(c1−3β(log c)2) −→ 0,

c−1/4v−1/4
η = O(c−1/4+β/2(log c)−1/2) −→ 0.

Lemma 4.7 therefore gives rcor
c ≤ min(A∗/2, 1). By (4.55), 2d− ≤ fc/Nc ≤ d+/2 on the corner layers.

Outside those layers, use

fc/Nc − 1 = (N̄/Nc)(qc + h) + (N̄/Nc − 1).

Lemma 4.8, the bound |qc| ≤ C/(cvη), and the parameter energy give

sup
k/∈Eη

|fc/Nc − 1| ≤ CK,Λ,T {(cvη)−1 + c−3/4v−3/4
η + c−3/4} −→ 0. (4.57)

The limit uses −3/4 + 3β/2 < 0. Increasing c further makes the right-hand side less than κb/2, the
energy less than e∗/2, and the C1 norm of the parameter difference strictly less than the margin of the
chosen positive neighborhood.

Thus t∗ < T cannot be the first time a temporary inequality becomes an equality. The continuity used
here is CtB3 continuity at each fixed c and continuity of the local inverse moment map, both supplied
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by the local construction. If the parameter branch were to reach the boundary first, the error estimate
and H3 ↪→ C1 would keep its range in a fixed compact subset of the interior of Θ. The original inverse
function theorem would then continue the same branch at that endpoint, excluding this type of exit as well.
If t∗ is the maximal existence endpoint, the bounds just obtained give

2d−N− ≤ fc ≤ (d+/2)N+.

Lemma 4.4 then continues the same solution and its finite spatial derivatives. The parameters remain in
a compact positive set, so the inverse moment map extends simultaneously along the same branch. This
also excludes the maximal endpoint and proves existence through T . Every comparison function and
residual integral is defined from the original initial time.

With Λ, T now fixed, (4.49) gives ‖e‖L∞
t H3

XL
2
k
+‖a‖L∞

t H3
X
≤ CT c

−3/4 and ‖e‖L2
tH

3
XHν

≤ CT c
−5/4.

Combining these with (4.20) proves (4.12) and (4.14).
It remains to establish the sharper macroscopicH2 rate. The integrability ν−1

∗ ∈ L1 and the moment
integrals defining the remainder flux give

‖Ze‖L1
tH

3
X
≤ CT c

−5/4, ‖ZG‖L1
tH

3
X
≤ CT c

−1. (4.58)

Subtracting the Euler equation yields

at +
∑
j

Aj(θ)∂ja = −
∑
j

[Aj(θ)−Aj(θ̄)]∂j θ̄ +M−1
∑
j

∂jZj .

Use the second-order energy with weight M(θ), M2 =
∑

|α|≤2

∫
(∂αa)TM∂αa dX . Uniform bounds

for Mt and Jj,X require only θt ∈ H2 and θ ∈ H3. The worst commutator is ∂2A∂a, estimated in
L6 × L3. The H2 norm of M−1 divZ is controlled by C‖Z‖H3 . Hence

M′
2 ≤ CM2 + C

√
M2‖Z‖H3 .

Integrate the inequality for
√
M2 + δ2 and let δ ↓ 0. Using a(0) = 0 and (4.58), we obtain ‖a‖L∞

t H2 ≤
CT /c, which is (4.13).

Corollary 4.9 (Entropy and dissipation). The solution in Theorem 4.3 satisfies

sup
t≤T

∫
T3×D

[fc/N̄ − 1− log(fc/N̄)] dX dk ≤ CT c
−3/2, (4.59)

∫ T

0

1

4

∫
T3

∫ 3∏
i=0

fc,i [∆(1/fc)]
2 dΞD dX dt ≤ CT c

−2. (4.60)

Proof. Uniform positive two-sided bounds make the entropy density comparable to |fc − N̄ |2, so the
first estimate follows from (4.12). Set r = (fc − Nc)/Nc and w = r/(1 + r). Since ∆(1/Nc) = 0,
∆(1/fc) = −∆(w/Nc). The fixed two-sided comparison of

∏
fc,i with

∏
Nc,i, boundedness of aN ,

and |w| ≤ C|r| give
1

4

∫ ∏
fc,i[∆(1/fc)]

2 dΞD ≤ C‖fc −Nc‖2Hν
.

The second estimate follows from (4.14).

Remark 4.10. The convergence topology in the theorem allows the corner trace to persist:

fc(t,X, ξ) = Nθ0(X−2ξt)(ξ).

This trace generally differs from N̄(t,X, ξ). The corner-layer estimates provide positive two-sided com-
parison bounds and do not require the trace to vary with c. The time interval of the macroscopic result is
determined by the smooth positive lifespan of the prescribed Euler solution.
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5 The Onsager tensor and its exact degeneracy

Moment matching separates the macroscopic parameters from the microscopic deviation. To determine
the first-order contribution of this deviation to the flux, we project the Euler transport forcing off the null
space, solve for its response using the weighted collision form, and take the five moment fluxes. This
defines the Onsager tensor for the cube-truncated model. Write θ = (α, β, γ) ∈ Θ+ = O, with β ∈ R3,
and N = (α + β · k + γ|k|2)−1. All uniform statements are made on a fixed compact set Θ ⋐ Θ+.
Reciprocity is a basic feature of Onsager theory [8]; here its definition, null directions and transport
properties follow from the four-leg dissipation form of this model.

5.1 The weighted cell problem and transport tensor

Set κa = NΨa, a = 0, . . . , 4, and retain the projections PN , QN from Proposition 3.6. These κa are the
natural generators. With the Gram matrix M in (4.3), the projection is

PNF = (NΨ)TM−1

∫
D
NΨF dk.

This is the same projection as that obtained from the orthonormal basis in Section 3. ForF ∈ QNL
∞(D),

write L−1
N,QF for the normalized solution of

u ∈ QNHν , aN (u, h) = 〈F, h〉 (h ∈ Hν). (5.1)

The pairing on the right is the unweighted integral pairing.

Lemma 5.1 (Weighted inverse and smooth parameter dependence). Equation (5.1) has a unique solution,
and

‖u‖Hν + ‖ν∗u‖∞ ≤ CΘ‖F‖∞. (5.2)

If F = Fθ ∈ QNL
∞ depends smoothly on θ, then uθ depends smoothly on θ with values in Y =

{u : ν∗u ∈ L∞}. Each derivative of fixed order is uniformly bounded on compact parameter sets. For
F,H ∈ QNL

∞(D), the following pairing is well defined:

〈F,L−1
N,QH〉 = aN (L

−1
N,QF,L

−1
N,QH). (5.3)

Proof. Proposition 3.9 gives the solution and (5.2). For every h ∈ Hν ,

|〈F, h〉| ≤ ‖F/
√
ν∗‖2‖h‖Hν ≤ C‖F‖∞‖h‖Hν ,

since ν−1
∗ ∈ L1. The equation initially obtained for bounded test functions therefore extends continuously

to all of Hν . Testing with another weighted solution proves (5.3).
For parameter dependence, use the reference state n∗, set Q∗ = I − Pn∗ , and fix the null space with

UN from Lemma 3.11. The operators L̃N = U∗
NLNUN form a smooth family of bounded isomorphisms

between the fixed spaces Q∗Y and Q∗X . Their inverse norms are uniformly controlled by (5.2). The
identity

∂θL̃
−1
N = −L̃−1

N (∂θL̃N )L̃
−1
N

and its successive derivatives give the claim. Conjugating back by UN returns to the original spaces. The
solutions remain in weighted spaces throughout; an unweighted spectral gap is not needed.

Define the fifteen forcing terms, their responses, and the transport tensor by

Gaj = QN (vjκa), uaj = L−1
N,QG

a
j ,

Kabij (N) = 〈Gai , ubj〉, 1 ≤ i, j ≤ 3, 0 ≤ a, b ≤ 4.
(5.4)
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The index j specifies a spatial direction, and a specifies mass, one of the three momentum components,
or energy. The fifteen forcing terms thus correspond to variations of five parameters in three spatial
directions. The projection removes the invariant component, the weighted inverse gives the microscopic
response, and the final pairing extracts its contribution to flux (i, a). The forcing terms are real and
bounded. The five-dimensional Gram formula for the projection and Lemma 5.1 show that the tensor is
smooth in θ.

Proposition 5.2 (Reciprocity and nonnegativity). The tensor (5.4) is a real symmetric positive semidefi-
nite 15× 15 matrix:

Kabij = Kbaji ,
∑
i,j,a,b

ξai Kabij ξbj ≥ 0 (ξ ∈ R3×5). (5.5)

Each parameter derivative of fixed order is uniformly bounded on compact positive parameter sets. For
a real gradient array ξ, set Fξ =

∑
j,a Gaj ξaj . Then

ξTK(N)ξ = max
h∈QNHν

{
2Re

∫
D
Fξh dk − aN (h, h)

}
. (5.6)

The unique maximizer is L−1
N,QFξ.

Proof. Equation (5.3) gives Kabij = aN (u
a
i , u

b
j), and hence reciprocity. With Fξ =

∑
j,a Gaj ξaj and uξ =

L−1
N,QFξ, ∑

i,j,a,b

ξai Kabij ξbj = aN (uξ, uξ) ≥ 0. (5.7)

Pairings of parameter derivatives are controlled by (5.2) and ν−1
∗ ∈ L1. Completing the square gives

2Re
∫
D
Fξh dk − aN (h, h) = aN (uξ, uξ)− aN (h− uξ, h− uξ).

The last term is nonnegative and vanishes on QNHν exactly when h = uξ.

To relate this tensor to Euler transport, let N = Nθ(t,X) be a smooth positive Euler solution and set
p = 1/N = θ ·Ψ. The five-moment equations give

FE = −T logN = NT p, PNFE = 0, FE =
∑
j,a

Gaj ∂jθa. (5.8)

Indeed, NΨ · θt belongs to the null space, while
∫
κaFE = −

∫
ΨaT N = 0. Thus, for z = L−1

N,QFE ,∫
D
viΨaNz dk = 〈Gai , z〉 =

∑
j,b

Kabij (N)∂jθb. (5.9)

This identifies the coefficients and signs of all five first-order fluxes.

5.2 Null directions in the gradient space

Write a gradient array as ξ = (g,B, h), with g, h ∈ R3 and B ∈ R3×3, according to

gj = ξ0j , Bjl = ξlj (1 ≤ l ≤ 3), hj = ξ4j .

When ξ = ∇Xθ, these are g = ∇Xα, Bjl = ∂jβl and h = ∇Xγ. Set

B◦ =
B +BT

2
− trB

3
I.
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Theorem 5.3 (Kernel and rank of the transport tensor). For every positive parameter θ,

ker K(N) = {(g,B, 0) : g ∈ R3, (B +BT )/2 = bI for some b ∈ R}. (5.10)

The kernel has dimension 7 and the tensor has rank 8. Uniformly for θ ∈ Θ,

cΘ(|B◦|2 + |h|2) ≤
∑
i,j,a,b

ξai Kabij (N)ξbj ≤ CΘ(|B◦|2 + |h|2). (5.11)

Proof. By (5.7) and weighted coercivity, the quadratic form vanishes exactly when uξ belongs to the null
space. The five normalization conditions then give uξ = 0, equivalently Fξ = 0. Dividing by the positive
function N , this condition becomes

2g · k + 2kTBk + 2(h · k)|k|2 ∈ span{1, k(1), k(2), k(3), |k|2}. (5.12)

Since the cube has nonempty interior, an almost-everywhere polynomial identity is an identity of coef-
ficients. The cubic terms give h = 0, and the quadratic terms give B◦ = 0. The skew-symmetric part
does not enter kTBk, and the linear terms are already collision invariants. This proves (5.10) and gives
dimension 3 + 3 + 1 = 7.

For the uniform comparison, Fξ depends only on the eight effective components (B◦, h). On the
compact set |B◦|2 + |h|2 = 1, θ ∈ Θ, the five-dimensional projection is continuous in the parameters,
and (5.12) excludes zero. Hence ‖Fξ‖2 ≥ cΘ > 0. Testing the cell equation with the bounded function
Fξ and using Cauchy’s inequality for the form yields

‖Fξ‖42 ≤ aN (uξ, uξ)aN (Fξ, Fξ) ≤ CΘaN (uξ, uξ)‖Fξ‖22.

This proves the lower bound. Microscopic coercivity and weighted duality give the upper bound:

aN (uξ, uξ) ≤ CΘ‖Fξ/
√
ν∗‖22 ≤ CΘ(|B◦|2 + |h|2).

All integrals use the cubic domain and its four-leg resonance measure.

Some pointwise gradient arrays make the null directions explicit. Take g = h = 0. If B = λI , then
2kTBk = 2λ|k|2 is a collision invariant; if BT = −B, then kTBk = 0. Both give zero dissipation. In
contrast, B = diag(1,−1, 0) has a nonzero traceless symmetric part, so (5.11) gives positive dissipation.
These are gradient arrays at a single spatial point, not global affine parameter fields on the torus.

The degeneracy concerns gradients of the dual parameter θ. The mass component also satisfies an
identity for every individual state. If f ∈ L1(D) and N have the same five moments, then∫

D
vi(f −N) dk = 2

∫
D
k(i)(f −N) dk = 0, G0

i = 0, K0b
ij = Ka0ij = 0. (5.13)

The mass equation remains part of the five-moment system; momentum matching makes its residual flux
vanish.

5.3 The spatial Fourier symbol and transport coupling

For ` ∈ R3, define
DN (`)ab =

∑
i,j

`iKabij (N)`j . (5.14)

This matrix is real symmetric and nonnegative. A Fourier amplitude a = (aα, aβ , aγ) gives the array
ξbj = `jab; the common factor i from spatial differentiation cancels in the quadratic form. Thus the
fifteen gradient components of a single mode cannot be chosen independently: they must have the form
`⊗a. Substituting this constraint into (5.10) reduces the seven null directions to the single mass direction.
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Proposition 5.4 (The unique null direction at nonzero frequency). If ` 6= 0, then

ker DN (`) = span{emass}, rank DN (`) = 4, (5.15)

where emass = (1, 0, 0, 0, 0)T . The uniform comparison

cΘ|`|2(|aβ |2 + |aγ |2) ≤ a∗DN (`)a ≤ CΘ|`|2(|aβ |2 + |aγ |2) (5.16)

holds also for complex amplitudes.

Proof. Theorem 5.3 gives aγ = 0 and sym(` ⊗ aβ) = bI . Contracting with a nonzero z ⊥ ` on both
sides gives b = 0. Contracting with ` gives ` · aβ = 0, and applying the matrix to ` then yields aβ = 0.
The component aα is arbitrary, proving the kernel statement. For |`| = 1, take the minimum on the unit
sphere of the remaining four-dimensional amplitude space. Equation (5.11) and homogeneity give the
uniform comparison. The complex case follows by separating real and imaginary parts.

Use M,Jj from (4.3). For a unit direction ω, write J(ω) =
∑

j ωjJj and eβ·ω = (0, ω1, ω2, ω3, 0)
T .

The Gram definitions give
J(ω)emass = 2Meβ·ω. (5.17)

Thus no eigenvector of M−1J(ω) lies in the null direction of (5.15). This is the Shizuta–Kawashima
coupling condition for the five-moment system [10, Theorem 1.1]. We give a direct decay proof.

Our Fourier convention is

ϑ̂(`) = (2π)−3

∫
T3

ϑ(X)e−iℓ·X dX, ` ∈ Z3.

For a fixed positive matrix M , define

‖ϑ‖2Hs,M = (2π)3
∑
ℓ∈Z3

(1 + |`|2)sϑ̂(`)∗Mϑ̂(`).

For s = 0, Parseval’s identity identifies this with
∫
T3 ϑ

∗Mϑ dX . For general s it is equivalent to the
usual Hs norm, uniformly on the compact parameter set under consideration.

Proposition 5.5 (Fourier decay of the constant-parameter system). Fix θ ∈ Θ and consider on T3 the
constant-coefficient system

M∂tϑ+
∑
i

Ji∂iϑ = c−1
∑
i,j

Kij∂i∂jϑ, c > 0. (5.18)

For every ` ∈ Z3 \ {0},

‖ϑ̂(t, `)‖M ≤ CΘ exp
(
−aΘ

c|`|2

c2 + |`|2
t

)
‖ϑ̂(0, `)‖M , ‖z‖2M = z∗Mz. (5.19)

All five zero-frequency components are constant. For c ≥ 1 and mean-zero data, the system also satisfies,
on every Hs(T3;R5),

‖ϑ(t)‖Hs,M ≤ CΘe
−aΘt/c‖ϑ(0)‖Hs,M . (5.20)

Proof. Set r = |`| > 0, ω = `/r, and

A =M−1/2J(ω)M−1/2, B =M−1/2DN (ω)M
−1/2, e =

M1/2emass√
Mαα

, b = (I − eeT )Ae.
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Both matrices are real symmetric, Be = 0, and B ≥ a0(I − eeT ), ‖A‖+ ‖B‖ ≤ C0. By (5.17),

|b|2 = 4

Mαα

(
eTβ·ωMeβ·ω −

|eTmassMeβ·ω|2

Mαα

)
≥ a0 > 0.

The expression in parentheses is a Schur complement of a positive Gram matrix, so the lower bound is
uniform on Θ× S2.

Let S = beT − ebT . This is a real skew-symmetric matrix and eT [S,A]e = −2|b|2. For a fixed
sufficiently small η > 0, set

d = r/c, αd =
ηd

1 + d2
, H = I + iαdS.

Then H is Hermitian and I/2 ≤ H ≤ 3I/2. For y = M1/2ϑ̂, the equation reads y′ = Gy, with
G = −irA− c−1r2B. Direct multiplication gives

HG + G∗H = −2c−1r2B + αdr[S,A]− iαdc
−1r2(SB +BS). (5.21)

Write y = ze + q, q ⊥ e. Since Be = 0, the matrix SB + BS has only cross blocks between e and e⊥.
Hence E = y∗Hy satisfies

E′ ≤ −a1c−1r2|q|2 − a1αdr|z|2 + Cαdr|q|2 + Cαdr(1 + d)|z||q|.

Young’s inequality absorbs the mixed term using half of αdr|z|2, at the cost of at most

Cαdr(1 + d2)|q|2 = Cηc−1r2|q|2.

Choosing η sufficiently small yields

E′ ≤ −a2{c−1r2|q|2 + αdr|z|2} ≤ −a3
cr2

c2 + r2
E.

Integration and the comparison of H with I give (5.19). At ` = 0, the matrix equation is M∂tϑ̂ = 0. If
c ≥ 1 and |`| ≥ 1, then c|`|2/(c2 + |`|2) ≥ 1/(2c). Summing over Fourier modes gives (5.20). Density
of finite Fourier sums and continuity of each mode also give a strongly continuous semigroup onHs.

The tensor in this section uses the c normalization in (4.11). With ε = 4π/c, the tensor multiplying
the first-order parameter ε is K/(4π):

c−1K = ε
K
4π
.

6 Strong resonance currents and first-order transport of all five moments

The preceding section defined the transport coefficients through a weighted cell problem. We now identify
them for the solution family of Theorem 4.3. The key quantity is the microscopic entropy isolated in
Proposition 4.1. Its exact time balance relates collision dissipation to the residual flux and determines the
norm of the resonance current after its weak limit has been found. We retain the same initial data and
prescribed Euler interval throughout. To fix the limiting measure, this section uses the local abbreviation
N = N̄ = Nθ̄; the actual moment-matched equilibrium is always denoted by Nc = Nθc . Set

dc =
fc
Nc
, wc = 1− d−1

c , zc = cwc, FE = −T logN. (6.1)
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The variable wc measures the relative deviation of the reciprocal distribution, since 1/fc = (1−wc)/Nc.
It gives ∆(1/fc) = −∆(wc/Nc), while the factor c extracts the first-order microscopic response. By
(5.8), FE ∈ QNL

∞(D). Use the weighted inverse of Lemma 5.1 to define

LNu = FE ,

∫
D
NΨu dk = 0. (6.2)

This cell problem depends on (t,X), and all five normalization integrals are well defined. The tensor K
below has the c normalization in (5.4). Write

H = L2((0, T )× T3;Hν), B = L2((0, T )× T3;L1(D)).

Theorem 6.1 (Strong limits of resonance currents and moment fluxes). Under the assumptions of Theo-
rem 4.3, the following limits hold on the entire prescribed interval (0, T ):

zc −→ u strongly in H, (6.3)
c(fc −Nc) −→ Nu strongly in H ∩ B. (6.4)

Define the signed four-leg resonance current

Jc =
c

2

√√√√ 3∏
i=0

fc,i∆(1/fc).

Then

Jc −→ −1

2

√√√√ 3∏
i=0

Ni∆(u/N) strongly in L2( dt dX dΞD), (6.5)

and the physical collision term satisfies

cC(fc) −→ T N in L2((0, T )× T3 ×D). (6.6)

For i = 1, 2, 3 and a = 0, . . . , 4, set

Zac,i =

∫
D
viΨa(fc −Nc) dk.

All fifteen components satisfy

cZac,i −→
3∑
j=1

4∑
b=0

Kabij (N)∂j θ̄b strongly in L2((0, T )× T3). (6.7)

Consequently, the actual five-moment parameter obeys the first-order law

M(θc)∂tθc +
∑
i

Ji(θc)∂iθc

=
1

c

∑
i,j

∂i
[
Kij(Nc)∂jθc

]
+ o(c−1).

(6.8)

The remainder belongs to L2(0, T ;H−1(T3;R5)), with norm o(c−1).

The proof has five steps. Theorem 4.3 first gives weighted microscopic bounds. The kinetic equation
then identifies the weak limit on a fixed resonance measure. The entropy balance determines the current
norm, so weak convergence becomes strong convergence. An exact Gram equation from moment match-
ing recovers the five-dimensional null component left undetermined by dissipation. Finally, the adjoint of
the collision-difference operator returns the physical collision term, and integration gives all five moment
fluxes. Ratios in the corner layer need only fixed positive upper and lower bounds.
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6.1 Actual moment matching and the entropy identity

Theorem 4.3 and the decomposition fc − Nc = ec + Gc in its proof give positive constants d−, d+,
independent of c, such that

d− ≤ dc ≤ d+, ‖θc − θ̄‖L∞
t H2

X
≤ Cc−1, (6.9)

‖fc −Nc‖L∞
t L2

X,k
≤ Cc−3/4, ‖fc −Nc‖L2

t,XHν
≤ Cc−1. (6.10)

The three-dimensional embedding H2
X ↪→ C0

X yields uniform convergence Nc/N → 1, and ∇Xθc →
∇X θ̄ strongly in L2

t,X . All parameters remain in a common compact subset of the positive domain.
Define

Hc(t) =

∫
T3

H (fc | Nc) dX =

∫
T3×D

Φ(dc) dX dk, Φ(d) = d− 1− log d, (6.11)

Dc(t) =
1

4

∫
T3

∫ ∏
i

fc,i [∆(1/fc)]
2 dΞD dX. (6.12)

The ratio bounds and (6.10) imply

sup
t≤T

Hc(t) ≤ Cc−3/2, ‖zc‖L2
t,XHν

≤ C, sup
t≤T

c

∫
X,k

|wc|2 ≤ Cc−1/2. (6.13)

Applying (4.6) to the actual moment match gives∫
T3

H (fc | N) dX = Hc(t) +

∫
T3

H (Nc | N) dX. (6.14)

By (4.8) and (6.9), the second term is uniformly O(c−2). We use the balance for Hc itself to retain
the exact relation between microscopic dissipation and the actual moment fluxes. In particular, wc is
uniformly bounded and tends to zero in volume measure. The difference between the two microscopic
coordinates satisfies

c[(dc − 1)− wc] = cdcw
2
c −→ 0 in L∞

t L
1
X,k. (6.15)

All entropy balances below are integrated from the given initial time. Moment matching gives∫
D Ψ(fc −Nc) dk = 0, and hence

Hc =

∫
X,k

− log fc −
∫
X,k

− logNc.

The four-leg symmetry of (3.4) and periodic transport give −cDc for the time derivative of the first term.
For the second, set E(U(θ)) =

∫
D − logNθ dk. Equation (4.7) gives ∇UE = −θ. The moment equation

for the same solution is
∂tU(θc) +

∑
i

∂iFi(θc) = −
∑
i

∂iZc,i. (6.16)

The equilibrium entropy flux is
∫
D −vi logNθ dk, whose divergence integrates to zero on the torus. There-

fore
d
dt

∫
X
E(U(θc)) = −

∑
i

∫
X
∂iθc · Zc,i.

Combining the two derivatives gives

H ′
c + cDc =

∑
i

∫
X
∂iθc · Zc,i, Hc(0) = 0. (6.17)

The positive classical solution of Theorem 4.3 justifies every differentiation. Passing this identity to the
limit will use only the parameter and spatial-gradient convergence in (6.9); time derivatives of the actual
parameters have already been eliminated by the exact calculation.
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Lemma 6.2 (Strong convergence of bounded multipliers). Let (Ω, λ) be a finite measure space. Suppose
bn → b in λ-measure and |bn|, |b| ≤ C. If σ � λ is a finite positive measure, then for every fixed
V ∈ L2(σ),

‖(bn − b)V ‖L2(σ) −→ 0.

Proof. For δ > 0, let An = {|bn − b| > δ}. The finite measure |V |2σ is absolutely continuous with
respect to λ, and λ(An) → 0. Thus

‖(bn − b)V ‖2L2(σ) ≤ δ2‖V ‖2L2(σ) + 4C2

∫
An

|V |2 dσ.

Let n→ ∞ and then δ ↓ 0.

6.2 A common resonance measure and the limiting weak equation

On the Hilbert space H defined above, fix the measure and operator

dµ =

3∏
i=0

Ni dt dX dΞD, RNh = 1
2∆(h/N). (6.18)

Here N is the fixed limiting distribution, which still varies with (t,X). The common measure places
every resonance current in the same Hilbert space. Changes in the actual distributions will appear as
explicit multipliers. Four-leg symmetry gives the exact marginal identity∫

|b(t,X, ki)|2 dµ =

∫
t,X,k

N2νN |b|2 dt dX dk, i = 0, 1, 2, 3. (6.19)

Consequently RN : H → L2(µ) is bounded. The identity also shows that changing a momentum function
on a volume null set does not alter the µ-equivalence class of any leg. Thus the operator is defined on the
whole weighted Hilbert space.

Set

yc =
N

Nc
zc, mc =

3∏
i=0

fc,i
Ni

. (6.20)

The variable yc replaces the matched denominator by the reference denominator, so yc/N = zc/Nc. The
multiplier mc records the full change of the four-leg product relative to the reference measure. Each
fc/N −1 tends to zero in volume L2 and is uniformly bounded. Applying (6.19) and subtracting the four
factors in turn gives

mc → 1,
√
mc → 1 in L2(µ), 0 < m− ≤ mc ≤ m+ <∞. (6.21)

All four legs come from one distribution at the same (t,X). Equation (6.19) transfers volume convergence
to the resonance measure. Moreover, for every fixed V ∈ L2(µ),

(mc − 1)V → 0, (
√
mc − 1)V → 0 in L2(µ). (6.22)

This is Lemma 6.2 with λ = σ = µ. It places the multiplier on the fixed test function, allowing the
microscopic vector on the other side to converge only weakly.

By (6.13), extract a subsequence zc ⇀ u0 in H. Uniform macroscopic convergence also gives yc ⇀
u0. Since ν−1

∗ ∈ L1(D), there is a continuous embedding

H ↪→ B. (6.23)
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Apply (6.15) to the identity
∫
NcΨdczc dk = 0 and let c→ ∞. This yields∫
D
NΨu0 dk = 0 for almost every (t,X). (6.24)

More explicitly, first pair with an arbitrary smooth space-time function. Then use uniform convergence
Nc → N and the admissible weighted dual test NΨ/

√
ν∗.

Take a real test function ψ(t,X, k) = χ(t,X)b(k), where χ is smooth with time support in (0, T )

and b is real and bounded. Test the kinetic equation with the fixed function ψ/N . Since ∆(1/Nc) = 0,
its four-leg weak form gives exactly∫

cC(fc)
ψ

N
dt dX dk = −

∫
mcRNyc RNψ dµ. (6.25)

On the left, substitute T fc = cC(fc) and integrate by parts. Strong volume L2 convergence of fc gives
the limit

∫
(T N)ψ/N ; only χ and the fixed N are differentiated. By (6.22) and weak convergence, the

right-hand side tends to −
∫

RNu0RNψ dµ. Using a countable dense family of bounded functions b gives
the almost-everywhere variational equation

aN (u0, b) =

∫
D
FEb dk.

As FE/
√
ν∗ ∈ L2, continuity of the form extends the equation to every real test in Hν , and then to

complex tests by the sesquilinear convention. Equation (6.24) and weighted coercivity imply u0 = u,
with u defined by (6.2). Every weakly convergent subsequence therefore has the same limit.

6.3 Norm convergence and recovery of the five-dimensional kernel

By (6.12) and ∆(wc/Nc) = −∆(1/fc),

c2
∫ T

0
Dc(t) dt = ‖

√
mcRNyc‖2L2(µ). (6.26)

Multiply (6.17) by c and integrate from the initial time to T :

cHc(T ) + c2
∫ T

0
Dc =

∫
t,X,k

zcFc, Fc = Ncdc(v · ∇Xpc), pc = N−1
c = θc ·Ψ. (6.27)

The first term tends to zero by (6.13). Set p = N−1 = θ̄ ·Ψ and F = N(v · ∇Xp). Then

Fc − F = Ncdcv · ∇X(pc − p) + (Nc −N)dc(v · ∇Xp)

+N(dc − 1)(v · ∇Xp). (6.28)

After division by √
ν∗, the first term is controlled by ‖∇Xθc − ∇X θ̄‖L2

t,X
and the second by uniform

macroscopic convergence. In the third term, dc − 1 is uniformly bounded and tends to zero in volume
measure, while the fixed function |N(v · ∇Xp)|2/ν∗ is integrable. Lemma 6.2, applied with volume
measure and this density, gives

Fc/
√
ν∗ −→ F/

√
ν∗ strongly in L2

t,X,k. (6.29)

The right-hand side of (6.27) therefore tends to
∫
uF . The five moment normalizations allow us to add

N∂tp, so ∫
uF =

∫
uFE =

∫ T

0

∫
X
aN (u, u) = ‖RNu‖2L2(µ).
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On the other hand, (6.22) gives √
mcRNyc ⇀ RNu. Equations (6.26)–(6.27) give convergence of the

norms. Hence √
mcRNyc −→ RNu strongly in L2(µ). (6.30)

Removing the density in (6.18) gives (6.5). Its sign follows from ∆(wc/Nc) = −∆(1/fc).
Strong convergence of the resonance difference controls only the complement of the null space:

adding NΨ · ζker(t,X) to yc leaves the difference unchanged. The null component must therefore be
recovered from actual moment matching. The positive lower bound on mc and (6.22), applied to the
fixed vector RNu, first yield RN (yc − u) → 0 strongly in L2(µ). Write κ = NΨ and MN =

∫
D κκ

T dk.
The extension of the unweighted projection is

PNh = κTM−1
N

∫
D
κh dk.

It is bounded on Hν because ν−1
∗ ∈ L1. Decompose

yc − u = gc + κT ζker
c , gc = QN (yc − u).

The identity aN (QNh,QNh) = aN (h, h) and (3.17) imply gc → 0 strongly in H. The projection here is
the extension of the unweighted one.

Actual moment matching gives∫
D
κbcyc dk = 0, bc = dc(Nc/N)2, (6.31)

and consequently (∫
D
bcκκ

T dk
)
ζker
c = −

∫
D
κbcgc dk −

∫
D
κ(bc − 1)u dk. (6.32)

The matrix on the left is uniformly positive, since
∫
bcκκ

T ≥ (inf bc)MN . The uniform L2 bound on
κ/

√
ν∗ gives, at each (t,X),

|ζker
c | ≤ C

(
‖gc‖Hν + ‖(bc − 1)u‖Hν

)
. (6.33)

Since bc is uniformly bounded and tends to one in volume measure, Lemma 6.2 gives ‖(bc− 1)u‖H → 0.
Thus ζker

c → 0 in L2
t,X and yc → u strongly in H. Finally,

zc − u = (Nc/N)(yc − u) + (Nc/N − 1)u

proves (6.3). Decomposing c(fc − Nc) = Ncdczc into a strongly convergent difference and a bounded
multiplier acting on the fixed u gives strong convergence in H. The embedding (6.23) then gives (6.4).

6.4 The physical collision term and the first-order macroscopic equation

On the physical space L2
t,X,k, define SNϕ = 1

2∆ϕ with values in L2(µ). Equation (6.19) gives

‖SNϕ‖2L2(µ) ≤ 4

∫
t,X,k

N2νN |ϕ|2 ≤ C‖ϕ‖2L2
t,X,k

. (6.34)

Its Hilbert adjoint S∗
N : L2(µ) → L2

t,X,k is therefore bounded. The four-leg weak identity is

cC(fc) = −S∗
N [mcRNyc]. (6.35)

62



Equation (6.30) and multiplier convergence on the fixed limit give mcRNyc → RNu strongly in L2(µ).
Hence

cC(fc) −→ −S∗
NRNu = −NLNu = T N,

which proves (6.6).
Every viΨa is bounded onD, so (6.4) gives the strong limits of all five moment fluxes simultaneously.

By (5.9), ∫
D
viΨaNu dk =

∑
j,b

Kabij (N)∂j θ̄b,

proving (6.7). Smoothness of the tensor on compact positive parameter sets and (6.9) also give

K(Nc)∇Xθc − K(N)∇X θ̄ −→ 0 strongly in L2
t,X . (6.36)

The bound is the uniform parameter difference times the norm of the fixed ∇X θ̄, plusC‖∇Xθc−∇X θ̄‖2.
Write the flux difference as

Zc,i = c−1
∑
j

Kij(Nc)∂jθc +Rflux
c,i , ‖Rflux

c ‖L2
t,X

= o(c−1).

Denote its spatial divergence by Rmac
c =

∑
i ∂iR

flux
c,i . Then ‖Rmac

c ‖L2
tH

−1
X

= o(c−1). Substitute into
(6.16) and use DU = −M , DFi = −Ji to obtain (6.8); spatial divergence maps L2

X continuously into
H−1
X . In conserved variables, the same law reads

∂tU(θc) +
∑
i

∂iFi(θc) = −c−1
∑
i,j

∂i[Kij(Nc)∂jθc]−Rmac
c in L2

tH
−1
X .

The mass row also satisfies Z0
c,i = 2

∫
k(i)(fc −Nc) dk = 0, in agreement with the zero mass row of the

tensor. This completes the proof of Theorem 6.1.

Corollary 6.3 (Macroscopic entropy and first-order dissipation). Define the equilibrium entropy and
entropy flux by

E(U(θ)) = −
∫
D

logNθ dk, Qi(θ) = −
∫
D
vi logNθ dk.

Under the assumptions of Theorem 6.1,

c2Dc(t) −→
∫
T3

∑
i,j

(∂iθ̄)
TKij(N)∂j θ̄ dX in L1(0, T ). (6.37)

The actual parameter also satisfies the local entropy law

∂tE(U(θc)) +
∑
i

∂i
[
Qi(θc)− θc · Zc,i

]
= −1

c

∑
i,j

(∂iθc)
TKij(Nc)∂jθc + rEc , ‖rEc ‖L1

t,X
= o(c−1).

(6.38)

Proof. Set Jµc =
√
mcRNyc and Jµ = RNu. Strong convergence of the resonance current and Cauchy’s

inequality give ∥∥|Jµc |2 − |Jµ|2
∥∥
L1(µ)

≤ (‖Jµc ‖2 + ‖Jµ‖2)‖Jµc − Jµ‖2 −→ 0.

Integrate over (X, k0, k1, k2, k3) and use the fixed-time version of (6.26), together with (5.7) and (5.8),
to obtain (6.37).
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Since ∇UE = −θ and DθQi = FT
i , the equilibrium flux satisfies θ · ∂iFi = −∂iQi. Multiply (6.16)

by −θc and apply the chain rule:

∂tE(U(θc)) +
∑
i

∂i[Qi(θc)− θc · Zc,i] = −
∑
i

∂iθc · Zc,i.

Substitute the strong flux approximation already proved. The remainder satisfies

‖rEc ‖L1
t,X

≤ ‖∇Xθc‖L2
t,X

‖Zc − c−1K(Nc)∇Xθc‖L2
t,X

= o(c−1).

This proves (6.38). Proposition 5.2 gives nonnegativity of the leading dissipation.

Remark 6.4 (Topology, initial layer and normalization). The time domain of the strong convergence is
(0, T ), and its norms cover the entire prescribed interval. At the initial time zc(0) = 0, whereas the
solution of (6.2) can be nonzero there. This is why the conclusions use time-integrated topologies. The
momentum norm retains the degenerate weight in Hν ; the cell solution need not belong to unweighted
L2(D). The free-transport corner traces of Theorem 4.3 are preserved. Equation (6.8) describes the first-
order flux of the actual solution. A limit for c(θc − θ̄) requires further analysis. Under c = 4π/ε, the
tensor coefficient becomes εK/(4π). No rate for strong convergence of the resonance current is asserted
here.

7 Structural relations and further questions

Both models begin with the full collision difference, but resonance compatibility enters at different stages.
In the pinned chain, it relates values at different points, gives regularity of measurable solutions, and de-
termines all invariants through periodic matching. At critical resonances, the same geometry has another
consequence: the energy mismatch and the function difference share a vanishing factor, allowing the sin-
gular measure and the squared difference to be treated together. Kernel classification, compact resonance
averaging and construction of the closed form thus form a connected argument.

In the three-dimensional model, collision invariants determine both the equilibrium family and the
error decomposition. Actual five-moment matching cancels the cross term in relative entropy. Collisions
control deviations that leave these moments unchanged, while transport makes the moments vary in space.
The residual flux joins these effects in the microscopic entropy balance (6.17). That balance determines
the strong resonance-current limit and then the first-order moment fluxes. The Onsager tensor defined by
the weighted cell problem therefore also appears in the limit of microscopic entropy production and in
the local macroscopic entropy law.

Corner memory specifies the topology of this macroscopic description. The free-transport trace (1.14)
persists throughout the existence interval, while the distribution approaches the Euler equilibrium in
momentum-integrated norms. The estimates control the contribution of the corner layer to total dissi-
pation and flux; pointwise relaxation at the corners does not hold. The first-order microscopic quantities
and resonance currents converge in weighted, time-integrated spaces. Their strong traces at the initial
time require an initial-layer analysis.

Several further questions arise. For the pinned chain, a spatial diffusion limit requires simultaneous
rescaling of transport and collisions, together with flux and nonlinear stability estimates for the two con-
served densities. The nondegeneracy constants of the resonance charts change near the acoustic endpoint
d = 1/2 and the zero-coupling endpoint d = 0; uniform estimates there need separate analysis.

For the three-dimensional model, the first-order law describes the five-moment parameters of the
actual kinetic solution. Comparing them with an independently solved nonlinear viscous macroscopic
system requires stability of that system and initial-layer estimates. Enlarging the momentum domain
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requires control of the equilibrium, collision frequency and transport coefficients as the cutoff radius R
grows. Finally, connecting this strong-collision limit to inhomogeneous Schrödinger dynamics requires
a kinetic derivation matched to local RJ initial data, with uniform control of the weak nonlinearity, large-
volume and strong-collision parameters.

Companion code. The manuscript and Lean sources are available in the companion repository:

https://github.com/veridiscoverLab/resonance-kinetic-lean.

The repository documents the theorem statements, their formal entry points and the verification procedure.
The pinned-chain classification, spectral gap and closed realization, the Onsager kernel and rank, and the
constant-parameter five-moment decay have completed end-to-end formalizations. Formalization of the
nonlinear limit over the prescribed Euler interval and the final strong-current theorem remains in progress;
their paper proofs are given above.
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Notation index

This index collects objects defined in the text. The one-dimensional model uses x ∈ T2π, a fixed pa-
rameter 0 < d < 1/2, and ωd(x) =

√
1− 2d cosx. In that section, Ξ is the coarea measure on the

regular resonance surface and m( dx) = dx/(2π) is normalized circle measure. The table below mainly
concerns the three-dimensional model.

Notation Meaning and convention

k ∈ D = [−R,R]3, X ∈ T3 R > 0 is fixed; k(j) is a momentum component and ki a collision leg. The
velocity is v(k) = 2k and T3 = T3

2π . The measures dX and dk are periodic
and ordinary Lebesgue measure, respectively.

∆ϕ, ΞD, Γk ∆ϕ = ϕ0+ϕ1−ϕ2−ϕ3, ϕi = ϕ(ki). The four-leg resonance measure is ΞD;
Γk is its fibre measure with output leg k0 = k fixed.

T , c = 4π/ε T = ∂t + v · ∇X . The kinetic equation is T fc = cC(fc), and the limit is
c→ ∞.

Ψ, Θ+ = O Ψ = (1, k(1), k(2), k(3), |k|2)T; Θ+ = {θ : minD θ · Ψ > 0} is the positive
parameter domain.

Nθ, N̄ , Nc Nθ = (θ · Ψ)−1. The prescribed Euler equilibrium is N̄ = Nθ̄; Nc = Nθc

matches all five moments of fc. Each local abbreviation N is specified where
it is used.

κN = NΨ, PN , QN PN is the unweighted L2 orthogonal projection onto span{NΨa}4a=0, extended
to the weighted space; QN = I − PN .

H (f | N), Hc(t) Relative entropy is defined in (1.9). HereHc =
∫
T3 H (fc | Nc) dX . Pointwise

moment matching gives the exact decomposition (4.6).
ν∗, Hν ν∗ is the collision frequency of a fixed positive RJ state, andHν = L2(D, ν∗ dk).

On compact positive parameter sets, νN � ν∗.
Z, r(k), Eη(ξ) Z = {±R}3 is the corner set and r(k) = dist∞(k, Z). Set Eη(ξ) = {k ∈ D :

‖k − ξ‖∞ ≤ η} and Eη =
⋃

ξ∈Z Eη(ξ).
X , Y X = L∞(D) and Y = {h : ν∗h ∈ L∞(D)}, with norms ‖h‖∞ and ‖ν∗h‖∞.
LN , aN LN = −N−1DC(N)N . The collision form aN is (3.6); L−1

N,Q is its weighted
inverse with five moment normalizations.

qc, Gc, ec, a qc solves the nonlinear resolvent equation and Gc = N̄qc. The errors are ec =
fc −Nc − Gc and a = θc − θ̄. Section 4 abbreviates ec, Gc as e,G at fixed c.
Its adapted derivative variables are ηα = ∂αXe/Nc.

ξ = (g,B, h), B◦ For θ = (α, β, γ), set g = ∇Xα, Bjl = ∂Xjβl, h = ∇Xγ, and B◦ = (B +

BT)/2− (trB)I/3.
Kab
ij , DN (`) The Onsager tensor and spatial Fourier dissipation symbol, defined by (5.4) and

(5.14). The first-order coefficient is c−1K.
zc, u, RN zc = c(1 − Nc/fc). Its limit satisfies LN̄u = −T log N̄ , PN̄u = 0. The

operator RNh = 1
2∆(h/N) takes values in the common resonance space.

Jc, Za
c,i Jc =

c
2

√∏
i fc,i∆(1/fc) is the signed resonance current. The residual flux of

quantity a in direction i is Za
c,i =

∫
D
viΨa(fc −Nc) dk.

For an integer s ≥ 0, the squared Hs
XHν norm is

∑
|α|≤s

∫
T3×D ν∗|∂

α
Xh|2 dX dk. The space

H−1(T3) is the dual of H1(T3). Time norms use the stated interval; time-integrated convergence does
not include strong endpoint traces. Momentum integrals without an explicit domain use the domain of
the model under discussion.
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